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Foreword

As stated by Bgrge Tilt in his Preface, he has written
this solutions manual with the objective of maximal utility
for the instructor, which requires that the solutions be presented
in a detailed and orderly fashion. As the reader will see,
this objective has been easily met.
I should add that Dr. Tilt's contribution goes far beyond
merely solving a large number of (often difficult) exercises.
He made many helpful suggestions and corrections, no£ only to
the exercises, but to the text as well. There is no question
that his efforts have considerably enhanced the value of my

book, and for this I am deeply grateful.

Robert B. Cooper




PREFACE

It is my hope that this solutions manual will prove a
valuable supplement to Robert B. Cooper's Introduction to

Queueing Theory, second edition, and that both teachers and students

will benefit from its availibility. As far as the teacher is
concerned, it offers substantial savings of time, if nothing
else. Solutions to the exercises have been written from the
point of view that to be of maximal usefulness to the teacher
they should contain a detailed and orderly exposition of steps in
the solution.

The given solutions are based almost exclusively on information
in the book, and such knowledge of mathematics that may reasonably
be assumed on the part of the student.

On some of the exercises I have profited from discussions
with the author. However, any errors or inaccuracies that may

exist are solely my responsibility.

Bgrge Tilt, Copenhagen, Denmark

November 1980
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| Chapter /, Exercise |

"In What ways...'

No comment.

| Chapter ], Fxercise 2]

'List some applications of the Eflang ioss model

N o Ccom vnem%.

| Chaptesr I, Exercise 3

'Discuss ways ..

No comment.

L Chapter [, Exercice #

'Extend the heufistic consevation-of- flow arqument..

I the (ﬁesewf case only one-step state tqausitions are

eflected by a11ivals or seivice comffe‘f“icw& The consef-
vation - of-Flow dinciple +hey |eads 4o the codes;op
that in the loug v thede will be the same nwumber of

tiansitions E;>Ej, and Ej >E; | per unit Hiwe. Also,
vindes certain cohdifions, the'wmean tate of transifions
Ei=Ej 1s 2R (te for Fisson avrivals), aud the wean

Tate of tansl tions E.,-=> Ejve 4B for =01, 5

and <7 By ot =854\ (+1ve for exponeutial service fimes)
I+ these ‘conditions hold) the couseriation—of- Flow e(?uqfiong
ex%ewdmg equations (I1.1) become

>\€ - { (j*l)‘;r-,gc-/ ('j=0) /).,«/ S"/)) (*)

ST ,PH/ (1‘=s,s+/i...).

ln the fa(lowmg €q. (9 gie sdpposed to hold.




(Chap. 1, Ex 4a)

[2] Recviteqt solution of (9 tesults in

- {%ﬂ (= 1,2,y 5-1),

3 X i

'5’,;3—35 (j=s,s+l)...),
whede a=r. Using (1) and Zﬁo% =1, we find

-/ i

%z(i%+¢->_’, (2)

o ! sl(l-al)

(b] Iy caleulating () we sef'Z;o(%)‘ = 1 /(I-a/e). However,
this plesupposes o <o Ifa2 s, theu eq (1) 15 incotrect and
shovla be 1eplaced by f=120
The ofdeted load a=ar equals the number of servefs
that on the ave1age (i the long 1un) wust be in service in otdesr
to dispose of the” woik load iy such o way that customer
o1dess do viet pile v ‘mfm}%elj Thus G<s is necessary
and suPlicient for dieposol of the wetk load withovt
whinite delays. A

s

[ Cl=5F=-PLis - 8o

j=s 0 j=s sl -afs) -
8\4 (2)
J ) s
! . st —a/s)
C(S,Q) = RTINS 2 Zs . (’5)

s W Si<a

ln geaedal, when s>, Clsa) will depend on the ofdes
v Witich waitinag customess gie selected P—rom +he gueve.,
Fet exomple | iF the customer with the shottest sewice +ime
i always ‘selected for setvice , then Clsa) will be different thau
whew the convesse policy is adofﬁed_ It i Hherebore necessaty
to specify geqvice ovder. The usual assumplion, maki
the wmede! awengble 4o avalysio, 16 that customers die
selected withoot 1eqdtd 4o ceqvice time Tequifed, as in




(Clnap. I Ex. Hd)

otdef-of-assival setvice.  Withovt this assumption, the
con servation-ot-flow equations will not hold, even with
Poisson atiivals and ex‘;owevn‘;al sefvice times.

[e] Cleatly, p; = 81»5/:::0 B.= E’i /Clsa) for §=0l,.... Hence,
whea a<s, by (10, W and (9), :

= (-B(E = 4-ppb (=51 )

wheve p= als.

p i p
ﬁ - 5+k+4’ - sigh+s 10
,S =3 oo 25‘”(4-::
5 F,znkﬁ ?:_-0 gl gh+t E
at .
= E“"&—r = (I- (D"
i=f st
Thus | ‘ _
p; = (l—?)gﬁ = p, (J‘=0)l,,,.)

‘mdepemdemﬂg of k.

E Assume s=1. 'Bj )]
- ot 2 (4= 0,1)-.),
wheie €=(l+a+al+...)‘/= |[-a, for a<s=1. Sinee
B=p=U-pp"  (5=01.)
Finally, by (3),

_a/U=a) -
C“&—I+QMﬂ>—




-[/__

L Chapter |, Exercice 5 ]

Consider the so-called loss-delay sy stew .’

As in Exeicice H we assume that the mean mmber of +1au-
sitions Ej>E, awd Eiv>E; will be estimated coﬁec+13 “That is dhe
case with ngsoln atTivals qud expowem‘.al sedyice 4imes, 4eePeC4 Uetﬂ

The conservation - of-Llow atgument leads fo

>\ P - {(3"‘”7‘_' ijl (a‘ = 0) "“" S-'))

” ! ST-I Pj“ (g zs,--n} 5+H7.
tence
) a& I
P= J_lPO \12’)2 ,b"l)
i at

$
E] e Pi:?‘g (1—0;1) ;5);
k —
Pz, %)
‘ a¥/s! )
=R = =5 /
B(sﬂ) Ps Zi’:oa}yk.’ . ( b)
n= i
n=oo P={—?"_~B (1= 11, p8-0),
i 8!05’1._58 (j=s,s+1,,,.),
- k as -
6 = (e + 5-’(/—a/s)> A

S Lsit—a/s)]
Z_ N Q
C(% 0«) =0 .m Z;:’ ot + g_s/[s'(l—a/s)] '

Le] When n<oo Jrhe{e, is no Testtiction on a (the sums volved
in the formula fof P afe fiaite). Whey pn= oo, the festriction
s als as O‘ISL,USJed in Exeicise H. m
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| Chapter [, Exercise 6

'Congider a queverng wodel with +wo sewers and one waiting position...

[a]

[d] Leta=2 and 7=

AR =1F,
AR =2rR,
prR= 2B

F=al, (a=27)
- a*
8‘ 2@)
! 3
= a
B=p i
2 a’} -}

)

s0 that a= 2, and let p= /2. T'n@w)

by -’PQ-H‘ (b),

and 103 Paﬂ— (e,

B- %

R = 2002 (F+F) + 100 pa
=0 $/n.

C = 0502 +025[1 P+2(8+R)]
=% ¢/n.

Probit 1ate = R-C = 2 -1 = lv‘ﬂ;/h
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[Chap%ef 2, Exercise [/ ]

I the model considered above , sUppose that it coske dollars.

E() = £ FP(Y=))

= o0 (, P =
oo F LME(X) by (5]

Ie)

EQO -

l Chapter 2, Exercise Z]

'Consider o poPNQﬁom wodeled as & pufe bitth piocess .., ef_ex b

IF NW0)= 0, then, Hivially, B®=1 for all +. Assvme theredoie N0)>0
Fot moh%onql con\lewlévz(}@ let n=N00). The difterential- diflbience
equm‘,one 1% speoal ze, 4o

LR - G020 = pBO (= e, P 01=0)

wWith initial condi ‘homs (24). P =] and P ={ ﬂ)fg*n ’!),ﬁe{en%a‘-
diffeitnee QQUQ‘HOHB ate givew onlﬂ pofj n as e»hd&w”g P(f') 0

for t20 when j<n.
in the case n=1, we have

p.m= G-ME,8- R0 (=i, fw-0)

with P(O)- f J(0) 0 for i £/
Fo{ 3—1 f?ff(\‘)— - P(’c) so that

Rt) = ™

Hemee, £ B() = pe™ - 23R, A plying standatd methods
i the solydioy, o# this linear d Q"eww%al equa 1ow one edives

RBr= (-,
The geme«qi fowmula obtained by mdu‘chovz, is

Ry = et U= (opa, L), L]
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r Chapter 2, Exeicise 3 J

'Consider a birth-aud-death process With .= 0 and u; >0 when j> k..

Fiqst assume au initial state 51 With {2 k. Theu states I:1 Por
1- 0,1,..., k-1 ate impossible . A felabeling of the states (j'=j-K)
and am QF !.calnow of the above thestem | followed by a %e\/e—rse
1telabeling, 1esulks in the stated equi libtigm distiibytion 1R}

IF on the olhes hand, the mitial state i6 E: with 4<k Hnem
E, will be feaclied e\lem%allg (with p{obabam 1) and au ap li ca-
Jnom ot the Hheotew leads again +o the indicated !.mn‘mg disti'b oion .
Tavs, yucond itionall Jrhe e(,[U: libtivm (histibition is ao stated
Lot S<°<7 It aloo fo“omls that P 0 for § = oo,

l Chapter 1, Exercise 4 ‘

'Compound digtii butions | — of, Cha[a. 5 Ex. 5
[a] B\j the theotem of 4otal P‘fobqbili*g,
P{Gy=k} = = PN=n}P(Z X;= k)
n= j=1
The pwba‘oil;%g qewemjrmﬁ fonction of SN is
h(a) =5 PL8~ k) 2= 5 35 PN=n PLE X, = ko
k=0 k=0 n=0 =
=2 PiN-= h}ﬁ\:o P‘LEXJ =k} "
=35 PN Y [H@)]" = g (F2).

Dibfereatiating hl2 twice,
() = g’ (f2) (o)
'2) = §'(f@) #7a) + g (HaD [P
WD) = o"(F0) F0) = g (DF,
W) = g (RN + g CROFNT = g 210 + gL F)?

HCW(’Q,




(Cha!o. 2, Ex 4 b)

By (45),
E(B) = h() = g = ENEX.
By (15) and (9,
V(8= h(N + KN ~[nn]*
= g +g RN+ g 1) PO - Lq* [#0]*
= 3’(1)(1?"(0 P -[en]®) + (g”(l) +U-Lq ) [
= E(NIYOO + VN EXO

[ Chafo%er 2, Exedcige 5 ]

'Let N and N; be ..  — cf Ex 2%

Under proceduie (a) each of the N’ balle will be left vumarfked
with probabilit X, s0 by its def; ,m.ho;/, gx) is he probability
that none of the' N, balls 15 madked. Q.m,laﬂ gly) is the
pwbqb(l{' Hhat none ofFthe N bails is mmkeo{ (-!ence undes
4ocedu1e/ (@) (><) ) s the prebabilit that wone o £ he
N (Vo kalls wqi be mmkfo{ piovided Hmr a ball placed in
cell 7@ 15 left yrmatked with probability ¥ (y).

Undet procedute (b) a ball From e»%ber batel; will be
feft ummmked with plobability ¥ x+ £y. it fllows 4hat the
PYObﬁb J( that none of 4he {’\) (v= 17,) balls is mavked is

(2% HCWC@ under pwcedwe (b) <—1>9(";) is +he
p#obqb:l’r_\j that mowé of the NNy balls Will be “waiked.
W “take equ! ivalenee o W)@um that -W@ 1obabi liby disteibution
of kalls W dhe fwo cells s the same for' both grocedures.
I the proceduies ate equivalent in this sense | fheu, whateier
X and y, the probability that o ball 1o w arked must bes {he
Sqme Under both proceduies. Thus equavaleuce/ .mpl,es

9() 9y} = g*(52).
9 9 n
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| Chapter 2, Exercise 6 |

‘Fot the model of Exercise 2, Gection 2.2, define..' — of Ex. 8

[a] For n= NO= |, We have found =0 and
FRO =GR, - PO (=2,

Hance’

oo d . o0 . N o0 . . .
L o ROz - S4B 02 - 2 nRoe,

® 22 i- = .
3P, = Az G-D R 02 - hzg@@(ﬂz"'

It

a'=22) fg Py 2t
j=1 ¢}

]

rela-D o P(z,t).

[6]  We shall ve1ify that the above pathial diffeential equation
a5 well as the witial condition n =N = are satisfied by

-2t
- =2 +zet
Diflfesentiation vtesylts iy,
>t

d o . e
=Pl )= ——=—
2z Pz, ) (I-z +ge™h?

et

b .
st PG, 4) = azlz-n (oo s e 9t -

It ie seen that the expiession for P(z’{) satislies the paitial
differential equation detived i patt (@). The witial condition P)=1
Hanslates wto the fequitement Re, 0)= T, R(0)2i = 2, which
sufe enough is met by the prgposed expression” for Fle,t).

in “Exercise L it was fobnd that if 4 = NO= 1, then

0 ) i
B0~ { ey oy i

0,
h2,..).

(]

To 4his prebability distcibytion cotfesponds the geneiating function



‘ZOA

(Chap 2) Ex 6 b)

S(Z,t) = /J;“ E(t)%i=4§"e—)f(,_e_>‘{)i_/q%
- | N
b ). e
) Ze)ﬂgo[zu—e)\t)] T imgrne

Since %(a,t) io identical to the given Plz,t) and becavse of the
sne~to-one coiftespundence between distibution and genetating

function, 1tis twe that Pla,t) genetates the d:sﬂ.‘bua-hoy, found
i Exercise 2.

n the (j@lfleﬂll case N0 =n21, it was found w Exercise 2
that P = Pt)= . = £,0=0 for all t, and

d% B = 40RO = 2aB@  (=n,ntl,.0.

n the same way as in Po.ﬂ' (@) for n=l we find
"56‘{ P,n(fz,ﬂ= h’z(?—!)a% Pz,

whete ﬁ(q)ﬂ 1o the (jewew&;n Function poij(ﬂ) given that
R@= 1" We shall verify Hm?-

Pat) = Pzt

First, we wiil show that the proposed solution satisfies the
above putthial di flerential equation. This follows from

2 Bt - 0 Pen & P,
= Pl = nP 6o FPay,

and the pievicusly verified fesylt gb;P(q,'t) “ 22N & Pt

The piepesed sclution alse meets the initial condition.
Fot +=0,F(20)= P"(2,0) = 2" Bj debinition | Rz 0) =
Po(lﬂ'*' P,,(O)Z‘ + * 6(0)’2"*“, Equa+imﬁ the coeflicieuts of
the two pelynowmials we see dhat R0 =1 and %(07= 0
for Y£n us Tequited.

We conclude that Bl 1) = P20 s the unique solution.
The tesplt | Piie, D =P,4), sheuld not come as a suipfise.



( Chap. 2, Ex. 6¢)

Cleatly, the process with NW0)=1n may be interpieted as the sum
of n independent processes, each with N(0) = [. That i5, the shte
N(E), given N0V =n, equals the sum of the states N,(8),N,(8),

cy Ny(®) of independent processes with N@) == N,0= 1. By o
fundamental P{opeﬂ"j of gevedqting functions | thew B (2= P"?&,ﬂ,

| Chapter 2, Exeicise 7 l

'SUP()ose S, has the binomial distibution ..

3, is the sum of n indepeudent Bernovlli variables, aud $, is
the' sum of n, independent Bermoulli yodiables | all of which ofe inde-
pendent and have pataweter p. Hence, the sumr S+ 8, o dhe sum
of n+ n, independent Bemoulli vatiables with patameter p. That is,
Su+ 5, has the binomial disttibetion (&) with n=n, +n,.

' Altetnabively, the ev;emlim_g functions of & and 3, ate
(q+p2)™ and (q+pa)™, 1espec%n}el§x Hence | &, + 5, has the
yeneiating fuaction (q+ pz)" (g +pad™ = (gq+p2)"""™, which is
Tecoqunized as the g@wcmw\img function of a binowigl dist4ibukion

wikh patameters n=n+n, and p.

l Chap%erZ,ExeTcise 8 ]

'Netify the pateathetical stafemeut of patt e of Exeteise 6

" ot n . e
Pzt = [’,—_‘%ﬁr_‘;ﬂ—)] = &™) - gl- )T

e_h)‘tzh ( ( + h[’l(l‘e—)‘k)] + n_(;r!l [Z(\’eqf)‘lﬁ-k
L tnewod [’Z“_e-n)]"_,_ )

n=-n! s/

_ -
- o n)\th go( "{ )U~e_“)\ﬂ'?f

i

[~ . .
i~1 ~nat ~aty-h
TG e

i:n

f

Thus, P}'(ﬂ= (it") e—n“('f‘e_“).}_n for A2, and F;(H= 0 Fof3<n. D
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Chapter 2, Exercise ¢
p

'Repeat Exercise 7, with the phrase ..’

9,,0 (v =1,2) is the sum of ny ndependent, ideatically distriboted
randem vafiables Fouowmg a geowmetiic distibufion, Hence,
Sn,-v'- Sp, is the cum of ny+ g independent, iden{'icaug dist1ibyted
Tandon variables with a qeometiic dist bution, Thus,

Sn,* Sy, has the negative binomial distiibotion (58) with
n= 1+n,. )

Altesnatively, the ptobability geneiating function
(P.ﬂ.f.) of Sy, equals (p/ti-qzn™ ana‘? the pg.ﬂ of Sy,
equals (p/(I'-gzN"™ Hence, Syt Sp, has the Prﬂf
(p /=2 (p/li—ga)™= (p/(l"tfz))"""i) which is the pg'f
of @ vatigble with the ne{ja*we binowial distiibytion (58)
with n=n+n,.

| Chapter 2, Exefcioe 10 ]

" Felles 114711, Find the distiibotion function of the lewath of.,
LetT (0£T<e) be +he leagth of the coveting afc .

Fi) = PTedd = (5" (0gt L),

(1= 8 2t (st ge).

c® =

E(T)= [Tthtdt = 2o

f Chapter 2, Exercise ]
et X,,..., X, (n22) be..'

R is the maximum of the n-| +esidual vatiables at t=X,,.
R<x if aud owly if all of {hese iy eXPonem‘hal vatisbles

afe less thqu ov eqdal to x, Hence,

P{R& x} = (|- e®)™!
L]
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| Chapter 2, Exercise 2 |

'Let X,.., X, bea sequence of...

Su pose S, 15 the wmoaximum of n mdeF(’mdeer ex}wmem-l'ia’
Vatiables with mean u™!. Then PS, L t= (1=,

New, 5, may be 'decomposed into n syccessive fime inteivals
of lengths s Xicty oo Ky T such +hat {XpVisa 6€+o1fmd€f76nd9n+
expeneutial vatiables and X;' has mean ju . Since ZX; =8,

P?Z Xy&ty = PLS 1) ="U-e™)"

| Chapter 2, Exercise 13 l

'In reliobiiity theoty the failvie tate fynction «(..."

Suppose FI) is continuous and diffesentiable. Trhe Pdobqb:lil»ﬂ of a
failote w (f,t+at), gqiven that no failste has accvtfed before t) equals

Fli+ad) — F(D)
Rit,t+at) = I —F®

Wheie by PR ICTC - 1
T = i ™% T~ F -

Thus, 1dt has the desited iyﬁerfue’(ahovz. £ Flt)= |~ et
(t;())) then cleaily )=

Chalo%ef 1, Exefcise 4 |

et X”XL, ., X, be independent exponeutial vandow Vatiables..’

@g an easy gevedalization of (50, PluinX, Xy, X ) x} = & &4
Tus ;= win (X, Xey Xy Xe) is ex poneutially distsi byted
With patameter Zj*; Mi- Now wHite (571%) qs P{Xfmin(xnxl)}
= M/ + ) G=11). Using the fact that X; and Y ate Mdereudem'
exponen tial \/(Miables)we find hat

ﬂ-

P{Xi = prin (4, Xay o, Xidh = P = win (X3 = My f)’é M ™ i e,

i
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2 Chapter 2, Exercise (5

‘let ><l and \<_ ke ;udepemlew expcw@u{’m( vatiables '

Divect Q-foo(_
Cleatly,

PLEX & fadt X, = minlX, X)) = €4 g¢

i
Hem’e ,

. . VN = ) M R AL
P{X(>t,>\,;= min()\,,)@} = Sfe (44 X/M[d = e ity .
For t=0,

PLX: = min{X, X} = M—‘{Lﬂ‘: (523)
Ths, ‘ _ PIXO B X = min(X X}
P 4= min XY = =50 i )

= o ~{p,+t

= P{min(X,,)(,,_bPL
Prock by use of M(dkw pﬂfc!?e{{'\j

The Mad kev piopeity of the two exponential distiibutions imlol'.es
P{Xf min(X'”)@

min(4,X) >4} = PG = min (X, X))
By this and the formula PLA]BY = PIAYPIBIAY/PIBY,

S e v . _ Plmin(0,X0>1} PX;=mia 0 XminlX >}
P{mm()\, ,)\vL))HXl = ninh (X“X')_)} - P{Xl= win (anp}

= P{ win (X,,\.(,)’t}

whieltis the sawme as

PIX X = min XY = PLmin (X X)> £
.

Genetalization +o wzl mdepwdemﬂ‘ ex powemhql vatiobles is
.-;Haijh%\CM\MMd‘
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| Chapter 2, Exercise /6 |

‘At t=10 a customer (he test customer) places a fequest,.

[a] —Ww depastuie Tate from system, and thus from lme info setice
equas s/u as loug as any cstomes 15 v the waiting line, Hewce
X, X,y Kyyy ate mdeyewdew{— exponeatial vafiables with weaw (s,on

¥+ 3+l ’
[&] E00 = E(X,) = £ EX) = e
E(T)= B0+ g # g+ = 4 =4 (EL 4 £ 4)

P{X=m} = J\_? (m=101,.., 5+,
S

Cn= oyl 254l ) sejt]).

B P=(-2)7.

| Chapter 2, Exercise (7 ]

'Suppese costomeds avie ot instaute T, 7).

Cleatly, Gt = l—G(ﬂ and P(% (0 (=D G ?) for §=1,2,..
Assume QL= |- '”‘ Tt_fvew welmve P(f)* )awd

R = RE-DAGE) = § e Theyy = ape™

itis seen that (515) holds for 4=0 ade_ QUFP“@ 1+ holde
for 1= ;;\) so that P(f) =[Gt" kt] e

P W= ( Pt-9)d G (%) = g* Dae-y1" L N

K| k'
k+
-t e
- %;, - Ay = A7 (7
- b -7Hc
(k1!

We conclude that if GO = | - e™; they {P(H} the Brioson
distiibutien with Pmauwﬁef wr [
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i Chaf;{'ef 2, Exercise 187
'Prove equation (537)' = of Ex.3 of Chap. &

fi_y . The event If>

can occut in two mytually exclusiie ways
M No atiivals in L0,yT, (1) An artival at 7€ [0,t] and no
aftivale in (77 +yl Thus

.
PIToyl = e™ + {he™ir = ey +ate™
Hence,

P{If;y} = | = ™ - yte™,
‘f:>\j :

(tsy)
The e\leVlfIt >

can occut in thiee mutvally exclusive ways:
(7 No atiivals in [0t (2) An artival ab 7e[0,t-y) aud no
gitivals i (75 t1; (3) A ariival of 7elt-y,t] and no arrivals
in (1, T+y]. L/‘hus

toy - t o
P{It>y} = e ey, [ ey,
o t-y

e M+ [N - g 2t] + Ay e My

= ™M 4 ye
Hence,
PLT, 69 = 1= o™ — pye™ (t>y)
The two equations may be combined into

PIT, < yi=1-e™ =2 min bt M.

(5,37)

| Chapter 2, Exercise 19 |

'Let FGyW) be the limiting jeiut distiibofion function ...
The formula

Flxy) = i;”; PIR & x, T,ay)=]—e™—axe™

(0&x4y)
may be deiived fom eq. (7.90) of Chqp'fef 5
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(Chqp. 7, Ex.19)

[a] lim PAT, ¢y} = lim PR, 2y, T2 y)
= [ -e™ —aye™.
(o] !Lm PIR> ) = l;.)n;(l—P{Rkéxﬂ
= =l PAR, £
£t
- 1 =l PR, Tus )

It way be shown that
li PIRp x, Apy) = [ gzy#(z,ﬁpan) d3

whete f(x)\p=d|:(x)\j‘\/dxd§j is the density function.
%-j d: Pfetenhation we find o= ne™. Hence,

L PRox, Aoy} = T A )
= g:")‘ e‘)(%*y)dz

= e-)x e—hy .

11;2 P{AQ \371 = t|ivm PIR>0,Ap>y) = e = gy (5.34)
e PAR ¢ Ay = e ™e™ Loy ]

>0
= Liw: P{Rgx‘: 1‘xm P{/‘\g\fj Loy bie (531]
~ liw (PRI PLAS ).

t o0

Lop — i i | i
el tlxy) = 2'e™ 15 constant on the mtewal (< x4y for any given y
Tavs Ky is unifetmiu disttibvted fhiovahout the coveivg wtenval
< — O} } P
V) -~ L.
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Bhop{-ef 2, Exercise 20 ]

'A bus shultles back and forth. .

6\/\ Eq. (15) the probability that au afbitiafy passengeri
one oaa Ious ioadPop peoplje, eu}alrL PlY= }-ﬁgtf/a ﬁ,e,{;
a= 2 4R Evideatly, Tfj PLY= 4* 1t Bollows H'IM' fof‘awy
distaibutien {P}

gk, )
M= == G=017,.).

The condition, =T forall j, is theiefore equivalent +o
h=T= =f,
R=Th- 58

‘?:TE

1
i

pfe- el =~

<O

of

=0
I

e

<0

=)

P
i

R s
=

<7

<

ax,

As Zw P =1, we myst have %= (= a—?)—'= e The
infetedce e

F=T G=0h1.) & B=dre™ (g2,

L Chgpter 2, Exercise 21 ]

[ra ; !
Su'ppot—;e/ cuStoiness atiije according fo g Raisson process .

[a] Bj the theotew, of lotal P{mbqb‘f'{\j ?or =01,

ey

PUM = 3 = § PUM=jIX= £ ) = 700" )
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(ChaP. 1, Ex 1l a)

We need the conditional means
EMMIX) = A X,
E(MIX) = VIMIX) + ET(M]X) = 23X+ 0*
Uy,comdijr:omimg; we dedive
EM)= E(EMMPO) = EGX) = AEX) = a7
E(MY= E(E(M*PX) = EOX+0XT = AE(X) + 2™ E(X*)

= A + W (6™ 7%,

V(M)= E(MY) - EXM) = ar + XF6”

(5] dPEX st M=) = 20 ),
o PIX¢ t, M= ﬁ ] (7\H —).’c
d PXet|M=gh= S5y = ay @ dHE),

E XM=y = S:th{X“r\ =3

! at) -t
ST ﬁ S o e dH(f)

4 (ﬂ’ -

[

B‘j patt (@) thew,

[S] "1" — We assome that PIM= 3= 52" (01,
g‘j pot + (b) )

_ g+ PiM=j+l)
EXXIM=p) - &= 55 5

- a5 )
= = ENX)
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(Chap 2, Ex. 2 <)
Only if" ~ We assume. that _E(X]Mj\): EX)=r (=01,

B\j part (b)),
JLPMR 2 PIMeYy L PMeg
2 PiM=0} ~ 2 PiM=|} T PAM=j-1%

H@VICQ P{M— ’l {M ; I} uTﬁP{M 0} Fofg)f U{' '.hnﬁ
ZN P{M =1 Wef.wd PiM=0} = e "”' Thos |

PIM=;} = 20" oo (3:0,,,,..).

[d] Let t meet dhe condition 0<HB<T Then

G PIXEEM=g £ i)
$tiM=33= =
P{X IM 4. PiM=i} S:m” X Hx) fo xl e XdH(x)

Now define

Aq‘ = fatxje‘”‘dH(x); B,-= Cxie"“dﬂ(x).
Thys,

) A;
P{X¢t[M=4) - W G=0),..).
Ager= 5, X&) £ (T3 N0 = 1A,

By = §:°x'°*' S H(x) > 5:1‘ x}e™JH(x) = tB;

Cleaﬂuj)

Heuce, Al /A; &t < B, /B, whereby Aj/A; < B /By
Thus, B *'>(A3+’/A)83) Soha‘f'

- + A'+ A1 .

PIXet|M= 341y = wg 5, Aéﬂ;j‘“ VB AeE; PIXstM=3
This ploves that forall + such that 0 < HEH < l

PIXEtIM=1+ < PIX<t[M=13  G=01,.). o

The vatioble X, given M=é ) 5+odras4;caﬂ5 domingtes X, given M=3
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(Chap. 2, Ex. 21 4)

I+ temams to be shown that the stochastic dowtnance 1wi-
phae a Inif:]he{‘ mean. A s.‘mf(e Pdao{: is this:

E(XIM=j¢D) = §01= P(X £t]M=j +i¥] o

> (7T1- PX<tM=j}]at Lby 0]
0
= E(XIM=p (= 0,1,...).

We have vsed the fact Hhgt the mean of a poune

gative Vatiable
with distubytion function FE)Y = PIXLtY 16 given by 4he Fomuld

EX = f"taFt) = [:[I—F(ﬂ]d{') which may be " pioved b?} inte -
afq%iow bj paﬂs,

[e] HO=1-e Given expovential ‘sesvice time", the process iay
be Viewed as aun expovewhial vace, repeated vukii the m-vatioble wins.
By (5.15), the winiug probabilities ate a/atm) and u/Grem) 1espectively,
for the - and u-vatiable. We dedyce 4hat in this case

PIM=3} = (5220 +

MMl Atp (j=0[,...).

Ht)= |- e Insettiug the above expiession {or PM=3} into
the formula in patt (b) W< eqstiv detive E(X|M=j)=(g+l)/(z+/u).

.A}JremaiwelP L if M=y, then the :?'seﬁ/ice time" X 16 composed of
i+ wetvols fesulting from ex Poneu%;ql faces, 6\5 Ex.I5 these
inteqVols ate independent,"exponeutial Vatiables with mean'l/tyim). foved !

| Chapter 1, Exercise 12 |

! i H g [
Customers fequest setyice from a group of & servefs ...

@ P - 2

‘>\+s,u '

o] PIN= 1= (5250 5%,
P

_ SM_, _fs-lm D
A+sm A+ (s-DM
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LChapfer 2, Exetcise 23 | .

'Conttnvation of Exércise 5.

In Exercise 5 1t was shown that . |
"If proceduses. (@) and () ate equivalent, then gIgly)= (520" 09

Using (%) we shall }PTO.\J@ Jrha_(":_ T

D has a Pisson i

"Brocedyies ((ﬁ and (b) aqe equ:u‘afewf':n,a and QV‘zlj if
byt T

NV =),

wk?T

. bex)

18" We assume that N, 6=12) has o Picson distsibifion with wean'a.
%)

focedute (@), the couteats of the cells will be T=N, aud K:ATL,

tesgectively, and so Tand K ate independent. Poigeon Vatiables -
TW'Fi'lT"?LL?T&ﬂ675 o g)gp;gced‘u,[@‘(b);. ZNI&‘ NZ E Pofseonvaﬁable’,
With wead” 2as “The dedom ‘b"s.‘ir}‘bﬁ’p?o?ef@ ¥, e Prﬁséd“b‘j (BHe);

cipliea Fhat T and K will ‘be indep endent™ Poisson Nadiables

with meains” 70 =& Hence, piocedyies"(a) aiid (b) dte equ‘.‘uale;&;

"Ounly 1€ Ve ashuime +hat prateduiés @and () ate equivaleat

ij ()

| (X q(y) = q*(ZF) | -

f W gy @
T’/rémlolesﬂ(07>0 Nonuf |
9(2)= ulz)g© | @)

Inseiting ) info (@) yields
AT (x).dl(-‘fg) = '.U,(x‘-!:j.)._” RS S )

Sinee ¢(2) is ncreasing in i a¢ is u(z), by B Eq. (1) 5 -
idenlical +o £q.6B.20). i+ Lollows thakthe only incieasiing”
function v sabisfying the Cunctional e‘b{uai.‘on M ie of h -
Forwm sr oo v
. T )= 69F Tavp) u
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(Chap, 2. Ex 13)

Thus) by (),
g(m = e*4(0) (5)
But 9(17-‘-!) so by (5) |= eQ9(07) Whence 9(07=e"“ Thus

-all-2)

g,('z)= e (a>0). (&)

This is fecognized as +he p. £ of o Prisson vatigble with mean a.
Tave Ny 0=11) has o Prisdon distiibution.

| Chapter 2, Exercise 2 |

"Consider the single- setver guede with ay unbimited nymber.. '

[o] Fivst nultiply equation i (FO,I,.,.) of ea]uaJr:on System
M) by at:

T, 2’ = p2° TS +(p, T, 2
T = pa' Ty + (g +pT) 7
Ty = = szm—”-: +(péﬂ?+ F’.YTZ*+ p[lT,*)zrl

Add:ng all +hese equahous 1o sy is i

g(2) = hD T+ &' (p,+ 2 + pate ) 5 T2

=/

= @)W, + 27 hiz) Lg) - T, ]

Hemc&) )
_ (m=1) hiz *
gl2) = == T, )
] i = 5 pat = £ (09 e anm) et
- B (Pant b 2 (2 aznty A%
jzzo ga e d H(E) (o(jZ:a i eV HG3)
':ce-u_M)EdH(ﬂ - /}7(7‘_)\2).
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(‘Qha!o. 2 Ex b

Substitution of hiz)= NGz nte () gields

_ @-Nmh-xz)
9(Z)h z — n(x-22) Tfa* 1)
By the application of "Hospital's Tule 40 Eq. (9,
, AleDhe)]
=i = iz N
310 = lim (22 sz —hn],, "0
G-+ 'h(z)f.z:‘ *
) | = He, T
- 0 x o Tf
T [=h() -
Clead|
b g =1 5
Hence,

TF= 1= pih)

Now, w()= Zip s the wean number of atfivale dU(iM3-
a setvice time, which iy Exeicise La  was showu 4o be
equal fo a7 Thatis, h() =2 For AT =0 <[ thew,

Ty =1-0. ®)
Thus Eq. ) becomes

(2-1) m (r=22)
2= N(A-22)

g(z) = (I-e) (o<, (7

[d] By (15), E(N*‘)=g’(l)..’D;?fefewjr;ajr:ou of () with Tfo*
feplaced by 1-p, gives

Al
2) = 57— (I-p)
Whede 3 O
Al2) = hiw) - 1) —z(f-z?h'(z)}
and

Bl = (2-nl)™
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( Chap. 2, Ex. 24 d)

Sinee h(D =1, AlD=0and B() =0, Thus, evaluation of 4l)) te -
quites the awhcahon of L' Hospitals rule. Diffeeutiotion yields

Al2) = 22 ke) = 2h@ @ — 2(1-D W),
Bl = 2(2-h@) (- nw).
As A'N=0 and B (D=0 we differentiate once mote ;
A'(z) = 2@ U= WE) +Ma-] - 2D h"@ - 2(-2) h"k),
BUz) = 21— @) — 2(z2-h) h{(=).
A"(2) and B (@) have o be evgluated ot 2= 1. We alteady know Hhat
hiD=1 and h'(N= - In otder 4o fiud h”()), vecall +hq+ b aH' )
h(z)=m - M) Hemce Wz = - am (-r2) and h”(z) » (a Az,
7_HU5 h(’) 17”(0) j defavl:-ffam ’)7(5) ( e-" dH(}) genco,
N6 = 7D e d M) “and w(e) = =P GH) . Thos 770 =
fo YUHGES = 0%+ 7% It follous +ha+ W1y = Y+ 72, 83 these TQSUH’S
A= 2000 + A*(6*+ 77,
B (N = 2(l—¢)7‘
gj H—}osf? ihal's tule, 9( g,,{:)) (- 97 Heuce

- - o-(| + (o) .
t(N*)‘ -+ —W— (8)

@ Let H})=]-e™ 3 Then y](s) ﬁesdHf)—ﬂe >Ae dZ’,u/(//ﬁs).
Thue M(A-az) = /vl/(/«,H-h -33) and, by (1),

(z- I)M/(Mﬂ -az) (- ~> (2-Nu ({_?)

( =
3t2) % — M/ m+a-az) (2= ~A2)

]

- - - i—o) otz Co=nr=

(=) /l=p2) ;‘;0(1 o Lo =ar=Au]

HGV\CQ) N | 3

T = U=t (=) @)
]
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| Chapter 2, Exercise 25

'Au operakions tesearch connsylbqut ..

N 0 C,OWIWIC(/L"”A

, Chapter 2, Exercise 26 ,

‘n the wodel of Exercise 15, let X be the meiqing dime ...

In +he model of Exeqcise 15 the (a priot) intetattival 4imes
U Uy ate tiid. expouential vadiables with mean &', and
the fequited acceletation fines Vi, \o, . ade iid. exponeutial
vatiables witlt mean i As a consequence | the merging Hime

X_=' UtUg+ o U+ Yy, is expouentially distiboted with wean

ptand does not depend on on (see pmced;n_g xges of lbock).
I the wmodel of this exescise, it will "be assomed that

Vi=Ny= =V, whete Vis an exponential vatiable with mean

p". lnthis case 4he mean and the vatiance of X afie a

function of . Both mean and vatiance ade gieater {haw
w 4he model of Exevcise 15 for identical « and p.
[a] LetV equai the coustaut ¢ Then
X =c + g U[, (N
wWheie each of the ebsewed UL\S (i= l)_,"n—‘/) has +he cond;tional
distribution of U, given ULc. Since these Ups ate iid.
Jatiables and mdepemdm{' of n-I,
E(IN=c) = ¢ + EGu-NE(U[ULe). - (2)
Now, n-l has the geometsic distfibytion with pafametes

= ProolU>ci= e Hence En-N=U-p)/p = e -],
Lubstitution wte (1) \Jields {he desifed expiess ton

EQX|V=c) = ¢ + (*NEW|Ue o), @)




(Chap 2, Ex 26b)

]

(o] Fiisot we detesmine EWULe). by a&;sum?%icn) U io
expomew%;a{(g aistiibuted with wean 27'\")2@‘ Frob{Ucul=1- ey
He"f.co,y Rz PebiUeulUscy= (I-e™) Al-e%9) , and the
dewsity function of U, given UL e, is fl)=d R /o =ae /() - %)

lor 0¢ v ¢ ¢ Con sequeuH\j)

. € | S s, Uraa) e
E(UIU&e) = Sﬂuﬂ(u)du T ﬁow«e v = ,_'e-m(f - 0)

x
Hence,
EQUUse)= 5 - 55 "
Subshitubion of Equakiow ) tnto Equatiou (%) resulks 1
E(XIV=0)- £=L R

We new assume that Ve exgoneatially disteibuted with
mean ! Uncomd:howiwﬁ on N we find

EOO = FEXV=c)peae = £ (e, - [e™de),
bg which
=T when :
E(X)_{ oo \Nh€: M. (6)

For the puipese of calculahwg VX we shall e ploy

the decovm{)osif':on otmu la
VOO = E(VV=c)) + VL(E(X]N=0), o

which gives VXY as-the sum of the mean of +he couditiond
vatiance | given V) aud the vatiance of the conditional mean,
given \. C[’ea{hj,
VX =) = (et & )_\/(”v", )
‘\‘I(\ i\J -Q,J = \/\Qr:_j/ JL. = Vi< JL
= (-3
-7 i Lo H " ~{
he chistibudion of T U; s
~ ; N | ' / r . . ;o g
Sivce the toimolas 1w pait (b)) of Exercice H alse heid
Al A , R oy - e = B
nondticcd €42 yatia ples (e Q&qa})h, EX5) we have

{ N H i !
Ur s & ovit peving Aisttibution,
a
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NOXV=¢) = EG-DVW[ULe) +Vin-DEXUJUL ) (8)

By paﬂ’ (@), n-1 is 3eome+1ioalig distiibuted with pafaueter p=e
Hence, E(n-1)=e*-1 and V~17= (l-@/F}: *(e*-1). E(U|VLe)
s given by !:—o[. ). Only NWU£e) vemains to be caleuigred.

Following the deue[o}omem*im pait (b) we find

VUL = EQWHUL ) ~EXU|UL )

SN

< (SO - (4 - )

_ ot Qe +D) W © _(L e >l
(- o) ® e/
Hence,
.leuc
VUV ¢e) = # - Ce;c—_,)z A Q)

Substiduhicy of he vq{;oué expiessions into (8) gives

V(X IN=0) = @05 ~ &) + () (&~ &7,

e*<]
that veduces 4o

V(X|V=¢)= &'—1 2™~ Loce™-1). (lo)

Assuming +hat \is exPowemLiaHﬂ distributed with wiean !

we have

ELVOX V=) = f5 VX N=0)p e

e [- YA
N e A -pe
= SD x2 /5 e f de
= o i -((s-'loﬂc - * ~(p-oe, %0 —pe
q\l(gge de ’Zo&foc e de Sae : JC)

|£ Pt 2%, then E (NN =0) = oo, H»’, on the othes hand, > 24 then

ENOXNV=0) = & (71—l 28 ooy - )
Y e E—— S
&t p=2W o (pewt P
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(Chap 7-) Ex, 26 ¢ (contd))

Hence |
5 h > 2
=N ={ EIDE-2 When )
E.NXN=c) { o when 1€ 1 Q

Sl vnder agsvmplion of an eﬁpon@wha“g distibuted V
with wmean T we detive the second term op the ‘fifj!/l’r-hawd
side of (7).

Vel EXN=e)= J; (E0V=0) - ECX) pee

(e PN ‘
- So< ® T E-4 {’se’“dc Eb3(5)&(s)]

o
- %So (e-((;-Za)c_Ze_((x,-a)c+ e—ﬂc)dc

®
2p R, ~) ¢ _
EYrery So(e OO 7P g

B
Kﬁ,-—o\)L

IF pg2a, then VE(X|V=c) = 0. Otheryise

VC(E(XIV=C))=%_(ﬁ_'zd—-ﬂ—%m.,._'_) 2 ('/s’Tx",TL')‘* ]

e e,

B alp-a) (p-a®-
Hence,
CoaToT whe >2
s -~ - 2 n
V(E(X|V=cl = { (Pm2d(p-w PZE0 )
oo when %24,

By adding Equations () and () according to the
decomloosmow formula Es. 7, we frinal] obtain, for the
case of expomevzhallg distiibdted chataCtlerishe gaps

ptla |
V(X) ={ mozx (p-or  when > 0q

00 wWhen p 42« (3

L
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i Chapter 3 Exercise |

1/ — . ;
A Single - server gueveing Sys—:‘rem‘.'

[a] %j Eguation (1),

I VLR Y R R /%)y SRS
%‘I_,q’_k%‘lM"M;u./mn] “L]+KZ=[ k! = e .

and for 3= 11,

No N AL s oMt 3z
- oM i-t = W/M) it
Pi Ty 7 S T

(Hry

P-BF e (=g,
By Equatien (16), for j=0,, ..., .
- P/ 0 f e 2/ a onfar G e

M R T e T 8 g T © 3= 0nF ar _ T

, k=0 ¥
Hence N 4—)7-)'"'

TTJ.=U—e Pi*l (3=C’,l, )

As s=1, by (19) he cartied lead is
L N

Obviously, the mean atfival fate is =7, B, 5o

— aid oMt ~ Y
B e

It follows that the offered load 15 w=3r = 1-€™ aud a= 0’

(b] Heve +he attival vake is2, but the eflectve attival rete
— cencefning afTivals effecting a cliduge of state - in state }
o ap= AL 3/ = 0G0, Also, a=” Thos, +he gueveing
{ AT » ) ) -
syotem can be moaeled as a bitth-aud-death precess with the
suine parametess «s the nadel of pait () . CouseqUemHﬂ)
LBy is oot patt (. Foithefinole, since the atfival process
is Feiston TTf ﬁ We, cenclude that

)




(Chap. 3, Ex. 1 b

As in PO“"FJ'” al,

2w |

However, the offeted logd is
o = Hr

Leﬁ“iyw@ Pdevote the f)'l(}habilihj that au u(b.‘fh){\_i atrival
does noi’ feceive i)(_‘;{\/ui.e,;

0 . o) . o0 ol
I I AT » I ! o't
P = 3150:}4 TH = %7()” g*,)h = | “5{'}3:.0 (et @
;
L lme™ 4 e
- Y a7

@ As 1n the models of [{,’qu(S (@) aud (b, )\1/,44‘,, : )\/[(an)p],
5o the state disttivution 181 16 the Swme i hose cases
Fuﬁh&fvm«:nf@/} since the witival Fﬂ)(ec,f) R “;,'.‘,wf)ﬂh) —‘T;Pi
Hence

T, - f

)
}

Alse as iy podte (@) aud (L5, the cartied {ogd 1o

Tne it -and -degth piscess Will not be al'fected by [)leé’u‘l’llifﬂ
Lounpied with aeqvice n Aeveise etder of affival, [y this tase | a

.}
I 4

OGRS = tate 3 will be senied al rafe My wWhew i
SR ’ e, wiich s et aftected b? [ie-
all mean setdien e eglals

1 T : )J” t A
A M Mo A1)
= My RV AT
5‘}’“‘)/‘“‘ I EE—U' ¥ "y (1 b I e g
[P 0 bereboves  wo= oA [ e "7 Hence,
= _—

||




- 32_

[Chap%ef 3, Exercise 2

‘Cystemers offive ata two-chait shoe-shine stand. '

[a] n=10, u=10, s=1, k=|

The corresponding bitth-and-death mode!l has : 2= A== lo,
2= 05 pM=0, M= phy= pa= 10, 83 o,

- g, Moyl =2 - MMy
R (I+N,+/”|/“L) \ [? /‘4[%1 A /“‘1/“2%'
Hence,

(B,RB)= (45,9

[b] The mean aumber of customers served per hoyr is

7N 5/”1?4'/“1@: I,_g + 5 = 6,07

A=10, M=10, s=2, k=0

The coﬁeepondmg bitth-and-death medel has : A== A= 10,
=05 me=0, pm, =/u|=10) /AL=2/M= 20. Appljinﬁ the aboove foimulas

we find
(PO)F?I FZ)'“' (lio,—l%l!i)

and
a = 800

L Chapter 3, Exercice 3 |

'Derive (3.5) from the definition (19) and the probabilities (33)'

v )0k X2 oYk

i:l
DI INY S /ey
= ,, =Zi=0 *74 — /s, -
- Q P QK/K.’ - a[’ Z\fﬂ)\lk/k.']' Lo )/‘/‘4]

k=0
B LGH)) then
’ a’= all-Blsa)] (%5) ]
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I Chap{-er 3, Exeicisce 4 I

'Consider an Eflang loss system with 10 servets.'

The solution tequiies the evaluation of Blsa). Figures
A-l and A-2 oFApremdax A peovide the answers. Altelnatively
one cov vse atable of the cumulative Fhisson disttibution,

Since
EY

(s,0) = =o
Blse) Tt
and both numeiator and denontivator may be fead off of easily
calculated Prowm a table with cumvulative Foisson probabilifies.
\Ne Fmd

—~ _ Ooloy

Land B((O)H,o) =0.0053.), Acccrfdiiaﬁly we accep{' a=H45 as an
appmxiwa*a solution of BI0,a) =00/ We also find

Blib, a0V =000, BU749.0)=0005¢

Thus) a dou biimj of the offeied load does ot wecess:fa% a dovbling
of e numiber of sefveds, Lrom 10 40 20,in ofder to pfeveut sef-
Jice dec\’fadahow. Only T seqvers need be added +o the systew.

[ Chapter 3, Exetcise 5 i

'An_entte preneur offeqs seviices ..’

The offesed load is a=ar=4xI=40. The hotly ptofitatopeiating
cest ¢ equalﬁ H(s-)c‘.):?\[l-g(s,u)] 75-s¢c = IOEI-B(S,‘M)]‘SC. Hencef)

5 | 2 % H >y o 7 8 q o
Ble no)| Boo | 615 | 45T | %l | 189 | .ii7 {.06% | .0% |.01% |.005
His Loyl 1.oo | 1.85 | 244 | 2.84 | 2.0/ | 2.8% { 1.%7 | .70 {087 |-0.05

Thus, at c =10, the optimal number oF serveds is 5, and the cortespenting
pickit 1ake equals 3.0l The bieak-evea point for ciac,=20: with o= |
the enteepreneut will just break eiew with &> hewll] lose ]
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| Chapter 3 Fxercise 6 i
'Show that Blsa) = a Bls-1,a)/ [ s + 0 Bls-l,a)] '

By 31, for sz 1,

B(sa) = _ ol _a Qe S oo/
) Z:,oak/k! S Z;;loak/k.' Z:=aak/k,’

= = Bls-1a)[I- B(s,a)])

whete B(0,0)= 1. Soliing for Blon) we derive

_ a Bs-],a)
Blsa = B (smht).

‘ C}qqp%ef 3 Exercise 7 ]

'Considef an Exlang (055 system with tetrials.’

No comment.

| Chapter 3 Exercise d |

'Consider an equilibtivm s-server Elang loss system ...

in the Eflang loss system the eveut {next arfival is blocked }
will sccot if aud ouly if (@) the observer finds all sefvers

busy, and (b) next arvival occuts before pext setvice
comp?e)rion. Obviousl ) event (@) has pwbqb.‘!;@} B(s,o) (j £=T.).
Given (@), event (b)) has Pvfobqbi[&j h/(?«+5,m, by [—_q, (5.13)
of Chapter 1, as time to next attival and 4ime 4o next

sevvice completion aie inde pendeat expoviential vatiables
with patemetess A and su, deepecmely. Hence

p= Bls,a) 7‘3—‘;'/4 = ‘;j—s‘ 6(5,0,7.

The feason p is ot equal to Blsa), as ene miﬁlﬁ’nqi\,’e[j
ik, 1o that est atvival"io net an afbittaly artivad.

L]
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Lchap+e-r 3, Exercise 9 ]

"The Etlang loss system as a semi-Markov process .

We consider the s-server Etlang loss system with exponential
setvice times, and let 2=q1tival Tobe and M= setvice Tate,

[a] Clearly,

0 (li-41#1),
Py = A0 (0&iss-1, FeD @
¢ i/A/()ﬂ.,u) (/S._iﬁ.s-l, j=i-f),
{ lizg, j=s-.

(] Cleatly,

m; = { /i) (080 s-D), o

1/ (i=3).

Substidution of Eq (0 m{'ovK. (3) yields

AR ol (o>1),

P = z+?z—l’).,«7 R+ %R:; (S)Q'léiésml
P st IR o7,

P = e B

By fecuteive solution we obtain

{%‘i‘ Q" pr (040 ¢sal),

P = O e
i (%fn—, A (i=9)
Now, by (7aud (8),
W Gsise W

lnserting this expfession info Eq.(5), with k=5, wederive Fg. (33):
YAy .
T e T Ohe) O
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[ Chaopter 3, Exercise /07

'"Twe independent Roisson streams of tratfic ...’

Let the high priotity stream patameters be X and 7, whese
=20 and T =02, and let the hw ptiotity stream patameters
be x, and 7;. The two service time distiibutions may be. general,
For 5=10, the aveage overhbw 1ate of high prioity customers
i5 Kuowu 4o be 7 =2 We wish +o determine Q= N7

The pfimary group setves two independent stieams of
foisson traffic "o o BCC basis. Thesefoie, as afqued in the text
the paimaty systewm is an Erlang loos systens with artiyal
Tate X=2 %2, and a mixed setvice Hime “distfi bubion widh
the mean 7= /N7 + Oy/N 7. The total offosed load
IS5 0= AT =T+ 0 = 20502 + 2,7, = Y+a,. The percentage oves-
flow of hiah pliodity customess cleatly is X,/2=1/20% o.10.
The same’ peicentage will overflow #siy each steam atiivin
at the p1imaty 100p, 50 Blsa)=00. That ie, Bllo a)=0./(7c.}
Solving by vse of ihe 1aph i Appewd;x A-(_v_vel)md a=75
(Bl0,75)="00995). Hewce, ‘a,= a- a,= 75-40. Thys,

OZ = 35'

(2] Denote bﬂz My, o and a% the new valves of Ay, @y and a.
We have X = 22, Heuce, al= 572 = 12,7 = 29,= 7, whereby
a* =g +ay =4+7 =l |t follows 4hat the new oveiPlow tate
Cavefage) of h‘ﬂt’ plictity costomers will be

K= N Bls,a*) = 20 B(10,1) = 20<0260 = 52

The ﬁad’or of incTease is

*

s _
- 2.0 = Z,Q

>/|L>’

Itis not permssible 4o desigin 4he backup gfovp by use-
of Etlana's loss formula which “assumes Bisbon +aflro.
The overflow traffic is not Bisson. ?Heﬁa{din_g this fact
will {ead Ho underestimation of the loss on Hhe back up
giovp, oue would think.
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LChap%er 3, Exercise |l

'Prove equation (3.12)'
For all +>0,
0 & t0I-HmT = {tdHod £ (TxdHoo

NOW) -1 szdH(X)<°° WVIPheS |im (‘:XdH(X)=0 Heb‘lce)
taking limits we obtain e

0 ¢ lin £01-H®T ¢l §xd W0 = 0.

Thus,
i £L1=H(®O] = 0. (5.19)

LC hapter3 Exercise 12 ]
'Blocked customess held.

[a] Each customer stays in the system (queuusemce)
Por a time T that follows +he S0)ouin Hime distibution HKX.
Thus the queveing systewn may be modeled as an nfinite seiver

veve whete the ojcutn fime Jo interpieted as a sefvice 4ime.
It follows 4hat {ijﬂ} is dhe Risson distribution

Datp@l® 5
By = == Y (=10 6D

With ¢
p)= 1 - KW + | F dHe, (39)

whede now HGO is the sojoutn 4ime disttibution fonckion.

[b] Assume that T has the exponential distribution with
mean u' Customers may defect before teaching {he eeiver.
For a customer who does™ enter sedvice, the ~vewmainiv
sojoutn time- (= sewvice time) will, by the Matkov piopexty,
alse be exponeutially distributed with wean u™
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(Chap. 3, Ex. 12¢)

As in park (b), let T follew the exponential disteiboton
Let & dewcte lhe meau aefection tate (From queve).
ln otate 1>s the defection rate is (j-9)u. Hence

5= jgsr/(j_s)/w E :

Bj ("3,8)) i
omt 2
Piz i! e’ (4"0)/)2'...).

M s both mean soj00Th time and meqn seivice Lme
(in the notmal sense) so a=A/m is the offered load. Thus

=L s5® g, e
)\ E‘)+'(; :)/\/l ;. e

g =

That is, »
9 = P(g,’a) - %P(S"‘l,a).

For vnit dime ali-q1 (=2-8) will enter service. The mean
sefvice time equals u™'. It follows that the cartied load
equu\s a’= ALI-q1p" = all-q]. Thus,. g=1- /e,

L Chapter 3, Exercise 137

'Suppose that a company with o piivate felephone network...'

Let s = number of flat rate trunks, s,= number of measyied
tate t1ynks. Assuame an ordered huat sich thata call will be
cattied by a flat vate truk whenever possible. EvidenHy,
this policy will winimze the felevant costs. The priotity
withtn e two classes of f1uuke jo imwmatesiol,

The aqesociated houﬂj cost is

Hs,s,) = s + 303" B,

3=S'+I
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(Chap. 3, Ex. 13)

whefe i
7 = a[BG-,0) - B0, (3.18)

with a=12 eflangs.
£ Bt>305, let y*=0. IF < 305, let ;* be the maimal
4 such that WL30E "~ By B.I8), 5, = 2(0.6667~0.4000) = 0.53%%
and ,= 2(04000 —0.2105)= 03790, Hence, 14< 305, = 16,00,
but 14> 30p,=1L37 As B > P>, obviossly %= 2.
Consideting e cost bunction tHs,s,) dnd the +elations
¥ sy > . .’
Pih s = min(j%s) 60

is the optimal number of flat Tate trunke out of a total of
s (=¢,+59) trunks.

It is o fequitement that Bls +s,2)£0.02, We have BE2=00%7
ond B(6) = 0.012], and sinee the cost stiuctuie does pot ex-
plicitly account for blocking costs, s+s,= b 15 the optiimal
nmber of trunks. Heuce "by (),

g = min (1,61 = 2
is the optimal number of trunks, and the assecioted cost

5

H2H) = oL+ 30 (Fy e By B+ 7))

28 + 30a[B(20) - Blow] Cby (48]

[

18 +60(0.H000—0.0121)
51.97.

Given s+s,= b, the ditect approach is 1o calulate His,6-s)
(= Ms, + 60 (B(s, 1)~ B6,200) for 5=0,1,..,6. The Tesyit is:

s, 0 ] 2 3 Y 5 6
H(e,, 6-3) | 59.27 | 53.28 | 51.27 1 53.40 | 60.99 | 7148 | 84.00

Again, =1,
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L Chapter 3, Exercise I4 ]

'Prove that in an Exlang loss system with ordered hunt..'

Suppose thefe afe o servets. Consider au af bitraty customer;
devote b Ay the eveut dhaton av1ival he finds the Fivst ;

sedveds busy and let E, denote the eveut that the cystomer
Will be seved by seiver i, meauing that the First -| seqvers
ate busy, wheveas setvef i is fiee. Ob\liouelg)AjCAé_‘

amd E = Ad_, e A,<l H’CVICQ, P{E;‘J = P{Ai"} - P{AQE (J=f,....,5).
With o}{deied hudt the 1(’&15{-.3- sefvers, j<s, Lunction as
an Erlang loss system, so P{A;}= B(j,a). Thus,

P{E@7)= B(rl,a)‘ B30 (=158

B\j (%.8), -
£ B(ﬁ—l,o)— B0 (g=1,..,9)
It follows 4hat I
P{E;} = —ZL (3 =l..,8).

[ Chapter 3 Exercise 15 |

' Prove that the vatiance v of the Exlang loss distibution...

We shall demonstiake that e vatiauce o f the state vatlable
T with distiibution

=iy =t = Q}/’ H-
P{I-43-F Z—_—}_,fzoak/k.' (j=0,..,9) (33)

may be expfessed as N(J)=v = o’(I- ).

First we prove the forwmula in +he eimple case 5=1.
By (3.9),

E(T)= Z;{=0 ,&a =a'= g—a B(I,o).
T is a ze1w-one vafioble , so that E(T?) = E(@). Heuce
E(TH = a ~aB(,a).



(ChQ?. 3 Ex IB)

Hen Ce)
V(D) =E@» — EXT) = o [1-BU,1(1 -all - BU,)).
8\5 (35), a’=all-Blha)], and by (.18), B =all-Bo]. Thus
N{TV=v =a(-3)  (s=1.

Now consider dhe cagse 522 To beqin, we exptess the
vationce N(J) v terwms of 5, 0 and “Blea):

E(M=-XZ7 48 =a" - a -aBlsa. Lby (35)]
s s at S VG
BTN =200 408 = 200408 = 5%
. s
= o1 -0+%) =& 5! )= a*—a*Bls@ ~as Bls .

)0 at/j!

E(IM=E3T-M+E@)= a* - a*Bls @ -asBis) +a-aBia).

EXNT) = (a—a E’J(s,a))7'= at - Lo Blsw) + a”-BZ(s,o).
Hence,

N(T) = E@H-E*T)= a-aBla)~asBlsp) +a*Bls,a) - atBYs0),
which can be vewdiften
()= al1-Bleal(l - 2525 + aBis,0).

¢ dhe equajrion of Exercise b ig colved wit Ble-la) we find

Bl | B
l_m aBls ).

Thus, .
V(D= all-B0] (|- alBle-,0 - Blsl).
Finally , veing Equotions (35) aud (318) we obtain

V(T =v=0a"(I-B) (s2 1.
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| Chapter3 Exercise lo

'a. Show that, for every integer s>a, Clsa)=..,'

lzl A tewTiting of (4.8) gives

&

s af
o £y
Clo,@) = ——=7%2—— (s>a).
k=0 K7 T S-a !

Dividing numetator and denomingtor by 37 a¥k! and
introdu cing Blo=(a%s))/ I o a"k! we easily detive

_ s Blsa) v
Choa= e (79 0

[o] Another TewTiting of (18) gives

a aS-I

Cls,a)= S (s>a)
i -1 oX, a _a*-! '
Zk=0 kit e-a (s-D!

Dividing nomerator and denowinator by 12l %! and
intfoducing Bls-l,e)= (Qs"/(s-J)!)/Z;;éa"/k! we cbHain
!
C(S)Q)T_ | + (s—a)[aBls-h)] (e>0). (2)

%j w, for o-1>a, thatis, for s>a+l,

) _ (s-0 Blg-1,a)
Clo-ha)= (-1~ a (i -Bls-1,2) (s>a+h)

Solying for B(s-1,a) leads to

: _ (s-1-a) C(s-],a)
Bls-1,0) = et ) (s>at)).

lnaeition of the above expression wto (L) qesylds in

Clsa) = : (s>a+l) (3

[ —Q)C(‘.‘:—l)(l)

[l
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I Chapter 3, Exercise 17 l

'Review and teconsider Exefcises 4and 5 of Chapter |’

The equilibtigm state probabiiities {77} derived for the delay
system in Exetcise 4 oand Por“the loss-delay oyotbm
iv. Exetfcise 5 hold fov Prisson atrivals and esponential
sefvice times. This may be proved Tigotously by modeling fhe
systems as bitth-and-death processes, and theu O,WI o E‘?‘ an.
For the loss—d’efag systen of Exercise S:znf Chapter /
let o= number of setvérs, n = Waiting voomr oize , A= arrival 1ate,
M= service wate, offesed load a=n/u. It was found et

ot
o_) o0 (G =1%,.y8-0, ”
Siske §i=5s,.,8+n),
wheie P =(Z3pa%k! + a5 /e ), or
s-1 K s ' _ (i n+l _
R=(E, %+ €=
K=0 ' S

Penote by 7, R, R, the equilibliom piobabilities of being lost
(denied eetvice), having fo wait in queve, and qjc#:ng sevved
wmmediately. Note, TTf P}', since the atdival processis ~Poisson.

Heuce,

E_ =Trs+n= F;n’
Qm TR, SR g,
R=T%Ty=Zi0hR
SRUEN B <13
RN" a?s’ ll:%sa))n s nzb,
k- Zf___’; '%3" 0)

With Po gi\len bg (36 %) . D
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L Chapter 3, Exercise I8 ]

'ls the analysis leading to (.11) valid for..."

The answef is no. The feason is that the mean idle period,
which ie the mean Tesidyal interattival fime ot the end of

the busy petiod, is not, in genedal, equal +o the mean intes-

avfival 4ime 27 a5 in the case of Foissom avvivals
)

i.e. exponentially distributed interatrival +imes,

Cha +ef}?>, Exercise 19
p

‘Consider again the premice of Exescise 1% Now, however,...'

The subject is an Erlang delay system with s=4 trgnks
and a= 2. Let s,= number of flat-rate truuks, and [et
S-s, = H-5= number of measuted-rate trunks. s, must
be set to mnimize the ofdeied hunt houtly cost, assuming
that Flat-rate tronks have priofity,

Hs) = Mg, + 50 5

,jas,-}' Pj) (*)

Wheie o = ﬂ['_?C(s""ﬂ*?C(S,a}» (M.16)
d

" p; = alBl-,0) - B(j,0)]. (3.i8)

Hete, 0=a/s =05, and Clsa)=C{H2)=01739 accofding to
tables of the Exrlang delay fotmula (48), cee A%, Appéudix A

By is detesmined using tobles of the Eflqng losg. Fotmula 3i)
we find

b ! 2 3 4
B; | .6667].5%34 | .5790 | .2%06
Py L6957T| 5740 | 4330 | .2975

Substitution of the p;'o into ) yields

3, 0 I 9 3 Y
H(s) | 60.0] [55.14 | 49.92 [50.9% | 6.00

Best choice thefefote s s¥=12, and H(sjf)= hq99. ]
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l Chapter 3, Exercise 20|

'Prove that foran s-server Erlang delay systew .

Special vetsion of theofem

Let {P.}"} be the equilibfium state pfobabiilhcs oFan Etlang loss
system, aud let {P) be the equilibtivm state probabilities of
an Erlan delay Sjs‘rffm. Suppose the gjﬁem& have +he same
number c% seiveds 5 and identical pavameteis 2 aud M- h the
delay system, let Q; be defined as the couditional propability
of skate |, qiven j<'s, thatis, Q7= Pr/ e o Pe i=0,..,9).
Then P7=qJ G =0, s).

PfOO‘F, BB (?7,57)

o _ YOV -
(S =ReVm (4= 0,1,y 9.
Ry Gm), | .
3 P;= %{c—ﬁl B’* (ézo,l)- ;5).

A ssume that an equilibﬁUm distvibution exists, so 4hat
P¥>0. Then )

0 R N 1) /Y
LIRSS S SRS

(3=0,l,..‘,s),

Thus P-;o= QZ for i= 00, s

Genetal vetsien of theovem

Consider 4wo bisth-avd-death processes with patameters (1}, {u3))
and (I {p50). Ascome equilibfivm state distibutiens {P}} and
(P!} exist and B> 0, B'>0. Assime 5= Nj=x for j =0,
and /M?) =/u"j‘ =M for 3'* h..,s, for some 52 ] Let Q9= P;/Z:__OR:
and Q5= P/ Z25,05 (4=01.,9) be the conditional probability
of state j, given jis. Thea Q5= Q;‘ for §=00.s.

Proof. The fesult follows easily from the Pact Yot Pf/%c=
Pr/ P - (7\0)\“‘)J-i)/(/“l/“z'"/"’j)o10” j=1..,s. Observe, in
the special case above Q5=

L]
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| Chapter 3, Exercise 2/ |

'Reconsider Ex. M with "E. 1055 %iS“'Cm” teplaced by'E. delay Sj‘ﬂemi’

It will be siown that the statement made i Exeicise M helds t1ye
aleo with ”Eﬂanj logs 53646144 " feplaced by “E{lQh_q deiay systen,”
We consider an Etlang delay systéwm with & setvers and
ordered hvat Let X be an athi a1y customes Let k be the
state of the 335{'@14 when X atfives. Let D={ Xis de!ayed},
D = {X is not delayed?, E, = {X is served by server 3}. Then,

PLE,} = PIE, D) + PLE, B}
First we calculate PLE; DY Write P{Eblﬂﬁ PLE;IDY P{D}.

Given Porsson atrivals, P(DY = £ B = Clsa), aud given
expoveatial sefvice times, PLE;IDY = /s, Thus

P{ Ej;,_D} = 5 Clsa).

Next we calculate P{E;, DY Observe, {E, DY is equalent
to {k&s, E; DY With Bisson traffic, Pk e} ="5  R=1-0lta),
and conditional on K< e the plobability of service by seiver
without delay is 5. /a, according fo Exeicise M, since the 53549014
functiens like an "Elang loss system wheq k<s. Hence

P{E; D} = Plkss, E; DY = PIE; Dlk<siPlkss),
= % (- ?C(s,a,ﬂ_
i+ Lollows +hat

Whete 5 = a[B(é—i,(ﬂ-B(é,o)]. By (hi6) the nuwesater equals
the load pj catfied by the j'th otdered sefved. Hence,

PIEY= & G-1n., 9.

3. [1-0Clo)] + pCls,a)
a

This fesult might have been easily desived by émfloyiwg
Liftles theotem | L= aW (see Sec.5.0), by which p,"= 2 PAEIu
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Cha p{'@f 5) Fxercise 272 ‘

'Repeat Exercice 5 with ‘Evlang loss system” ceplaced by ...

We consider an Erlang delay system With X=¥% and y= |,
: g aelay sy M
Then the offered load io o = A =au' = 4. The objective
function is Hls,0)= 215 = » PIW5a5%100 - sc. Thus
H(s}c) = [0 — 40 PiW>05) — sc |
By (25), PIW>+t} = Clsa) e ™% Thue
PIW>0.5) = Cls ) e™*™%%

1t Pollows +hat

5 b 7 & 9 1o
Cls,¥) 5541 2848 | 1351 | 0590 | 0238 | . 0088
e=to=es goes| 2679 | 0237 | 1353 | .082] | 0498
P{W>051] 236/ ] .i0¥8 | .030f | 0080 | .0020 | .0004
H(s;1.0) | =844 -0/9] 10| 16§8] 092 —0.0/

Thus, qt ¢ =100, the optimal number of servess is 7, aud
the cotresponding profit rate equals 1.80. TThe breaK -even
point for e is cg= loo + 1.80/7 = /26. Given his oP@{a“M?
cost, the eulreplenevt will bieak even for s=7, byt will
have a wneqafive profif rate for s =7,

v ca9e the entfe pleneuv+ may Se!ecfany cvstomer from the
queve, the profit wil be maxinnzed fof auy &, if the customer
selected is ihe one who has waited fhe {omjesf, but less than ' hr

| Cha,m‘er 3 Exercise 2% |

"Consider a [0-server Etlang delay systewm Hhat havdles ...

-1 a= E(W N‘]'\O =
BCD |s| a | ot n) cln | EWNO
case 0 | Io Mo Mol e | 1ol | Wy =pl e
case | g | O+ M)’ 3| H09z 2 W
case 2 | jg N |Gt 8 H09z 2(1+5)W,
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(ChaE. % Ex. 13)

Note, by (126), EQIW>0) = | /L~ sud, wheee o = a/s Ths,
EWIW>0) = 4™/ (5-a),

The lesson is that Clsa) depends on s awd a, wheieas the
couditional meaw wait E(WIW>0) depends on s.a and . The tespounsc
to a I/% incfease th A is a 106 (0.4042-0.101%) /0./01% = 301 Yo inliease
in Clsa) and a 10090 jncrease in EWIW>0). A /3 inctease in
M7y 1esulking in the same a, alse leads +o a 304 Yo wcrease
in Clsja) ) Ut the inctease i EMW[W»0) wiil be 67 9.

Chapter 3, Exefcise 24 ]

"In an_Eilang delay system Wil sefvice w ofder of aitival ...
J

Bﬁ (#,24) PIW>H|W»>03 = e_"“’)s”‘f) aud ty (#16), E(WI\V>0)=(T_;::;.
Hewce)

P{W > ECN[W>0) | W>0} = ¢ O e ¢'= 03679,

| Chapter 3, Exefcise 25 l

'Consider a felephone cystews in which the ceatial office ...’

{n an Eﬂcm_g dela system with seiiice w ofder of ariival the

waiting dine d;s?(ibujrion for blocked custowers 15 the exypoven-
tial distdibution PIW>t|W>0) = e”“"”sfut, see (#14) Heuce
if a customer has waited 30 sec.| his Temaining waiting +ime !
will s4ill be ex omemiﬁallﬂ distributed with wiean [(;—?)5/“]“,

Oue tring the customer shouid not do after waiting 30 sec.
is to put dowWn the teceives and tvy again immediately. £ he
does that and waits untif he gets through to dhe setvef, he
wijl inctease the WQi*i‘wg time b\j an expected 300 secs dye
to those custowmers who,thanks fo his msE act, 3o+ ahead of Niw
in the waiting line,

A better Thoice is to hang vp and wake anothes call T>0
secs later) waiting wntil served. "The ussociated expected
waiting time will conveige to Clon) /TU-g)sud a5 T> o0, As dhe
hmil}ing value s less dthan l/[(p@slmj)‘lhé custoines wiay be
Letter c\%, e\/e«%){hmj com;de{eo(, ca!lmﬁ lotes. ]
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] Chaptef 3, Exercise 26 |

"Show that in the Erlang delay system...'
ECWY) = [1-Cle,a] EWNW=0) + C(s,0) ENY W>0)
= C(s,0) E(W*\W>0).

By CLUH)) with oidei-of-aitival setvice the waiting ime for
blocked customerss will be exponeatially d;sfmbuawLed with patameter
(\—@S/m . Heuce, E‘(‘N(Ll\N>0) = 2/[(!—9)9/4‘1", se that

= rally _ 2 Cls@)
t(\N ) - (S/*]Z(l_g)'h .

g)j (H/Zﬂ)l EQ(\N)z OQ(S,CL)

(s/u)z(l—p’- .
The yafionce 'e detived by substitudion of these two expies-
sions o NOW) = E(WD) —EXW). The feult is

1= (-Cea)"

Chafﬁef 3, Exercise 27

'Let W be the waiting time and T the sojoutn time..."

s=1, Hence bj (H) and (19) ﬁ= U-at Wa+l/r Risson arivals
= R, s0 dhe Pfobqlailnl_», that an atbittaty costomer finds J pw&eM’
in the system s

T, = U-adal (j=0,1..). 0

The pfobability 4hat he will obsedie 4 in the gueve., qiven thatthe seiver
1o occupied ie PLQ=jIW>03 =T, /8 T = (-aaa. Heuce | see
also (423,

P{Q=3[W>0} = (=) a’ (5=0,,...). (1)

Now assume oidei-of-at1ival seivice. The sojoutn +ime
will be the sum of 1+ expoveutial seqvice times Whete the
piobability disttibution of 4 (and thetefele oF #1) i given by ().

e CO‘AJ"‘L"OWQI WQ?HV!E’ time is dhe sum of J+[ exponemhal




_50_

(Chap. 3, Ex. 27)

setvice times where the Fflobaloithj disttibution of j (aud
thedefore of {+1) is qiven by (D

The two 1oba@ili4j d.‘shibm‘.‘ows, () and (1), afe ideuntical.
Consequently , the sojouth time and the conditiona! waitin
time Jollow” the samie distribotion i dhis case, namely

P{T>t} = PIW>t|Wr0y = & -0t

accoiding {o eg. (H.14).

Chapler 3, Exercise 28 |

'a.Consider an Erlang delay system, and dewste by L.,

Suwose a<s For convemeace , let Lqand \Nq denote the mean
queve lewﬂ{h and mean Waiting time fesp., and let Lg and W, denote
the mean nomber of customess i1y the system. and mean Soyutn ime tesp.
[a] By (tH) and (1),
o0 o0 #
. - . Q
LUof = ZG9a5=h

i

Lq

- k ® ok 4
= '(]fa/é) ré Zk(%) ( - %) = C(Q,d)g;((%) (I- g)

> k=0

—,

he mean o{; @ 380;44({{4';(; J.‘ﬁﬂibuf'ﬁm With quavnefef = |-
o ('\—P)/p = 2/i-%). Hence) 2= k(%)“(;- H=2/1-%.
Substitition of this expiession and a dewditing }jidd

; Clsa)
g =2 (a-?is/u .
Finally | by (127),

Cleaﬂ\jv L, = ’—q+ ,1"7 and \N_,.>= Wq'* /A—' Hewce, using
o it follows that

the yelgtics Lq= AW
Le= AW, L]
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| Chapter 3, Exercise 19 I

'Prove that i an Evlang delay system with otdef-of-aiival seqvice..’

Let Phethe probability thata blocked customer will still be in the quere

when next ai1ival takes p\ace. Let 1; be the P{obabi[”y that a blocked

customer, who feins the queve When G'E;j costomeds a1e waiting , will skl
4

be in fhe queve at nextartival epach. By the theotew of dofal prokability,
P- 57 PQ-IW>0}.

The attival vate is A and, as long us all servers afe busy, the setvice
completion Yate is ou. Thetetose, by (513 of Chapter 1, 5/4/(5,444(2)
i the probability , in ull-busy ctates, that next eveut will be a setce
completion tathet than an avtival. Since with seqvice in ofder of
aﬁ;JQI, the blocked customer will get info setVice befote next
ai{v1iyal if and onlj 310 at least j+! sevice cowrpleh'ms occut pekste
any adived, |

s it i
“('j‘—‘l—(g%)“-'f‘m.
Bj (WL??)] PJLQ'*}!W)O}: ('-@95 i p<l. Heace, if p<l,
S ([ N YO O B 5 O A D e R
P= 2 (1= )t = 1= 52 2 (5 =1 - 38 A

Heuce P=9 as aseerted.

| Chapter 3 Exercise 30 |

'Let N be the number of custemeis found by an atvival ..’

Evideutly, eq (H19), PLw>t|{w>0y = Z;’o P{\I\l>t(N=s+1}P{q=§|W>0},
holds foravy Evlang delay system feqatdless of gueve discipiine.
By definition, PIq=3]W>0F= PiN=s+j3 /X7 PiN=o+k}. Ror nowtb'.aéed

veve disciplines {NWYY is a bifth-and-death -focess,mdelowdeu‘r ofthe
jisci line . Keuce PIN=KY,and therehoie P{q=ji\N>O},me%he sawe B
all nonbiased g.d. By (HKL?)?)fwofder—oﬁaﬁzva! sevice P{gﬂlwm
= (\—@?3‘ ('3=o)l,‘,.). I+ Poilows +that fot all noubiased qd we hove {Grgl\b’rcly
= (-@lo! (4=0,1,..). Substitudion wto (19) shows that

PINSHIW>0F = (1= 17, o* PLW>tIN= 5443,
for all novbiased gueve disciplines. ]
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[ Chapter 3, Exercise 3] |

'Copsider the diffeteutial-difference equations...

%5‘”‘ cF - ¢ F®) (tz0,i=gh.,F®=01 ()
whete o is u atbitraty constaut. Defi,e
Fix,t)= ,fo X (2)
[a] T Rt = o, 0x —eF B (J'=0,/),.‘),
2B = oxZ By x” — o £ B
d%’Z_O Fi)xd = Lx/;_joﬁ(w A0
£ Flxt) = ectNFG. (5)

Henee, F(,H) = k(D e‘“_mt, by which
~(-x)et
Flo) = Flx,00e "™, )

(6] Iy the case of a Prisson process Eg (1) holds with ¢ = »

and F @)= Bty = PN&I=3) | according Lo Eg. (1.5) of Chaptel 2.

As F(())—J cleaflg Fx, 0) = I, o fhat in this case Flxt) =
e 7" Det 2 e X B L:q ) of Chaptes L Hs is the
enetating Fonction of a Prosen disttibytion Wﬂn afameter yt
It follows That the fm}oab lity o?a atfivals in [0,t] equals

Rw = 82 e (=g )

As long as there are at jeast customers wn the system,
ihe depaftufe process is Prisson with patameter su. (et
P denote the Pmbab hty of ¢ depmjrums within’ Lo, el
assuming that all sefvers afe busy. by the veyal mgumcm’

Plt+n = i(t)[l—hs,ﬂwf,,tﬂhsﬂ +ol) =0, ).
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(Chap. 3, Ex. 3l¢)

Hence,‘wi#’l P,®-=0,
éo T?:(t+ m = [1-heul éﬁ(t) +heu ﬁ:ﬁ(ﬂ tolth)  (j=0)y.)
Evidewtly, Wt = X7, B, o that
Wy () = L= hpu] W) + heu W (B +olh) (=01,
whete W_ (D)= 0. Hence,

FEW 0 = oW, 0 - ouWd [0, =01, W01 )

@ Eq. (5) has the same fotm as Eq. . Consequewﬂﬂ, if

we define

Wit = £ Wi, ©
thew, by T and (), '

W(x,+) = Wix) & 0wt (7)

[e] W0 = P(W>0|N=3+sh=| forall; Heuce FPor x<|
3 4 4 ) )

Wi 0= £ xt = 755 ®)

PON>tIN>0 = U-p) £ Pl tiN=s g LoyExhel
= (-5, Wygh Loy def o Wyit)]
= (I-p) Wig1). [y def o f W(x,t)] @

[o] Equa-hovxs (7, €, @ %oﬁ‘?ﬁhe-r‘ yield
P{\N>f]\N)0} = ()_q) '_'Ls; e—(i—p)s,ut"

= g UpHt (o)
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(ChaP. %, Ex 3l h)

By Equations (6),(7) and @),

g‘>=:oW3(t) x*= 7 e et

e, 5 W = (52 ) s et
e A = e NI X,
oo X 00 E (s LI .

Equajrimg coefbiciente of xF on leFb- qnd 'ﬂ%lft‘r-hamd sides
\jre(ds

o
Wilh) = 3 Gae gt (1
1 k=0

[ Chapter 3, Exercise 32 ]

'Service in random order —cf Fx. 28and %6 of Chap. 5
Wit = PIW>t[ N=c+4]

Let the test customer atrive at +=0. Duting the 4ime inlewal
Lo,h] one of the following mutually exclusive evephs will occur:
(1) The test customer departs from queve , (2) A wstomeratives,
(5) A custemer other thaw the tesk customer depatts From veve,
W) Neither aftival ner depattuie from queve (sijem) take glace
(5) Two et mote affidals ¢ depattyres occuf,

Event ! {Medudes the pessibility that the test customer
will be pieseat i the queve at tme htt, and eveut 5 has prob -
obi(ifj o(h). Dzmegmdmg tetms of ofder o(h), events L,%ond Y
have “prebability ah, (4/p+Deph and 1=Qrauh, Tespectively.
Hence, b\j the theotent of +efgl P%obabiiﬂrj,

‘\)\/_j(‘n+t) = hhwfw(ﬂ’L %Sﬂnwj_,(i)»* [- +5,.t1)h]W}(t)+0<h),

_ ")
[4=0,... . W, (=0] |

Hence,
%\,\}i(t) = AWj) + s W (0 -OrsWitd)  [=0,., W, 0-0], (@)

wiefe, \\Jéw%l (3=0)t,._,).
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(Chap. 3, Ex. 32 b)
[6] Define

W§°’= -(g'-';,'\Ng(t) 0 G=0,159=01,...). (%)

in Paﬂ‘icdla{) W§O)=\N‘]‘(0)=I.
SuWoge dhat Wg(ﬂ has the Maclautin sefies 1’€P1€6€»11La.-}:on

o 3
‘\N,}(+)= s & W Geol,). )

/-\cco'falivnj {0 Exercise %0,
PLW>E IW>03 = U-0) 2, g W)
By o),
PP EIW>0 = (-0 ¢ £ 4
= 1-E ¢l + £ 4w

Ufﬂi{: Z;o ?5 = “"97\-', and & C-hawjez of the otder of sommaticn
\Jlie‘ oo V0o foo)
P{W>t|W>0} = | + u-@vz:, 52 oW, (5)

i=0

Repecﬁed diPeentiation oFEquaJr;on (1) gives
v 9= R S
TN = A5 W0+ 1 ou LW, 0
)
-(74+smd—dy—.,\r\/5&) Ly=01,..5v=12,..]

Seh‘mq t=0 we obtain

) v-1 -
Wo = a W, = Qe Wo (v=12,..),
o £ -1 i w-n w-N A=y
W;; = ?\\'\JM -+ é_’\—,e/u W‘._, - (7\+51,M)\N}- (v-:l?l?... >
First we solve for v=1 Qecallmq that W= | for | i)

we easily detive

wy-- (=010, o




(Chap. %, Ex. %2 ¢)

Next we solve for- v = 2.) v‘vzakmj use of 0. The vesult s

i+ 3] (=0,
W - : (% )
4 (S/AY‘(F,‘)"SZ,}TZ—) (421).
B\j (*))
2 AW =9 G
LRI S

For 0<o<i, &7 o/ = —In(1-9) = Iy r.'; Hence,

%. (O] = J_ 1
%?Wi syt
B‘j (> *))
&2 Cad i+ 0. o)+
£ Tl il 4278
Now let

_ -,] 954-1
g(?» = g 'i(é*’) .
Consideting S(o) as a fumction of o, differentiation resylts
in 490/ de = £:2, 044 = ~kn(l-p) . Therehote , reveising the
Q)/ AR 19774 e 19
precess, S(g)= o'+ ((~Inll-pNolo = ¢ + (=X (1) ~ (I=p). From
30) =0 we defive c=I Thys
00 )’4'

e
jZ:/ G = 9~ (-9 fn ‘*“lp .
it follows that
> Q) |- IA
2, ¢ Wi = (oo = FA ]

Finally, substitution of the found expiessions for T ot WY
ang| Z;Zo 99\\);” into Equahcn (%) gives
PON>HW>0} = | — st %P—X\n ﬁ

(sub)?*

©
+ = (I—?)[Z— %Xh ,-—1;]— 4o

[
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LC hapter 3, Exercise 33 l

‘Let BW) be the distibudion function of the busy petiod..'

It i clear that whev sefvice s in Teverse order ofatrival,
then, for all N2 1, the waiting +ime ic a busy petiod nitiated
by the piesently served customer (whose Tenaiining Hine
m Seqvice is exponentiolly dist1ibuted) aud icluding
all a4vivals later thau the fest customer vatii he is
ewnitted 4o enter service . (The came holds te o a
T/M/> systews for N2s) Hence, For an afbitraty cwstomer;
P{W< t|W>0 = BW®). It Dollows 1hat the mean waiding Lime
for Waiting customess is the mean of +he busy Penoc!? that is,
EQNIW>D) = b= 7/l1-p), by @.i2)

| Chapter 3 Exercise 3|
‘' Show that lim T’;[n] =P

1“..

8\5 (17} and 6=Y,//")
(n;l) (_/E)f

T = 2t
itn) =2, 02

(j=0,,...,9).

For 4=0,1,..,5

’

lim ()G = lim (7 (20}

(541 e -
mrea = LOm¥j] tim (352 222
= (/¥
Henee, o .
lim (") () !
Vim T’;[n]= ,-,m'(,}..-nM_,:kz s/“ 4” )TN,
;1,:00: Zk=a nm( K )(/'4) ZK‘G()/I“)/’(
l"lY’

Whete, by Equation (3%), £ is the statistical equilibrivim
pwbabiii{'j‘ of & busy setveds iy 4he E4|0w3 lo‘:SSjS"&-m.

[
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I Chapter 3 LCxercise 35

' Four sources shafe access t0 two servers

n=numberof sovtces, s=2; =17
 blocked custouwrers cleated.
en: e blocking pobability
k\H’Nﬁ is Eq- (77 Fofd?s';.;i?; 1

15 g‘n}-em bg E:-mg5e\“s pcﬂWIUlﬂ,,

n-l ~S
57

"5
Mulnd= 5= omew

i = Soin, Bepfoe

“r o k=0 n:) §"

Sigee | (3" ,

‘ m,tH1 = AL A BT T 0.0270,
and , 6(%)1 2

L5 -

the effect of going from fout 4o five soutces is a'pefce,,d*
locking equal o

vefease i the pmbabil#g of b

P =100 (T 5/ T00)~11=80%.

To calculate the expected number of tequests for senice
pet hout, say T, we go trough the following steps:

L+ i (Do 7

= 0.0188

Gy Rlal= (D& /27 Qax o),
(i a'= a*(l ~(U=-$)RM) ,whete a*=ndAl+d) (18,
Gii) a= o A=TD (79
(iv) T=60a/u'= 20a. ;
For n=H and n=5 We find
R a’ a T
_ N 16 ) 34, iHE ;
n=4 ot =00488 W-o,% 02 m—o.HOH 8.02
n=5 |5 =005 |2=04779 | X2-9505 | j0.05

?ﬁqe. fowed bounds Qorf afe gand IO"{Qefzec‘{";Je{ﬂ,
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| Chapter 3 Exerwcice 36 l

"Veqi \03 equation (8.10)"

By Equations (68), 8.3), (8.6),87) aud (8.8),
PO 3 =5 Pl N=s 35 PUN - o7}
= l( ~sut ﬁ (SMH )P‘H.QEH __l

o o

- 3 (h-n! 5%+
» sl“t z 0 ( (9}4*) ) -1 P[n-l]

i=0 T - I—s—)’s‘”
o0 A AN L

MY

= (_‘, j=0 =0 (n-j-g- 3)I i! )
wheie
q)(ﬂ = %‘- + 3/,;{’
and
e = -”-[](h -l 4 (b)"S‘ sm/ly
Thus

-s-l & n=l-s-1 i
- _¢(f)" 5 (SM/() (SMV)
P{W>t} e iZ=0 :L:O (h—[—s-;’).’ oo
83 the substitotion K= n-l—-g -,
n-g-} N-$-1- K

~t) ) ( t)
P{W>t}=ce pe KZ—O %?0 kl 51“/

De?ming X =smfy and y= s/ut the doblesvin may be wiitten

H ]
D S L A . ) (K47, Xy _!)
=0 o [ oro! 0’/' ”0’ 0’1.' l"’ 2
X0 yn-s- <=8~ -1 9
ey o —_—
+ ( 0lm-s-pi Tt (n-s- n'o')
motm i
AN LM ¢ S )]
8\:! +|ﬂ€ binemial pofmula, Lm 0 mi Gem! T Ty . Henee
J S Y . -5-1
nos-t nos-l N a nZ (x+yt
Tt X
K=0 i=0 R Y B &

We conclode 4hat

P{W>t}-c:_s,[¢m] 9 s 0O
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| Chapter 3 Exercise 37|

'\]emcj equation (8.18) by ditect calculation’

As o= a by (8.167, then
3 4RI (53801 + ) sRI) + %, -0 Bln]

=l
n-g-}

= a+ X (kD By, Lnl n

B\j (8.%),
R exsilnd - na _Rinl ()
Py [n-11 AL

ij (1 and (1),

- 1,?1[ 1= a +nad P?[:n]'] /: 2 5’4—; w1l 13)

K=0

; !

P [n 1= Pi{N=g+k} by 8.7 and (k+l)/s = E(WIN=s+k) Substitu-
hon into (M) and a[)lol,caJnon of E(W)= ZV"5 'E(WIN=o+k) P{N= s+k},
see (8.1%), gives

< Rlnl EW) .
i}_:_, {Blnl = a+nd iy S )
By (84), o
n 3= N n-n!
{900[ :-] __.g(n ) ‘P[n] +ZL;—|%_J—90 P[n]

(Z(n-ﬁ(")a P[n] Z(w—;) m asp[n])

Bj &%) this i5 seen o equal

ALV - -L—(n—;::oj,@[n])

@[n—l] =0
Subsjrijru%:mﬂ n-— l?[n] =a/b From (817) we fmallﬂ obdain
Bla1 a
P ln- Flol = nE- ()

By Wand ),
. E(W) ‘
;"},Ps[l’l] = O.(' + ) (8‘8) D
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| Chapter 3, Exercise 38 |

'Reconsidesr Exercise 35, but instead of. '

n= number of soutces, s=2, ™' = W min, u™' = 3min., & = y/u =4,
blocked customers delaged

To beqin, we calculate the state disttibytion {P[n]}
for n = 3045, using Equahows (83) and (8.3) -

Plnl{ 4=0] j=1]3=2]i=31!ji=4| i=5
n=3%1.728 | 219 .0270 | .00l5 i -
n=41{ .6548 | 2910 | .0%485 | .0054 | .000% -
n=5].5875| .24 | .0725 | .012] | .00i3 | .000]

[a] Biock-.ng_pmbab-i-+'3

% Z TT[n] [n 17,
S
n=H: %= i‘ Pi%]l = 00270 + ¢.0015 = 00285
j=2 t B
"
n=5: Pa ;_Q@[H] = 00485 +0.0054 + 00003 = 0.0547

The percent increase in blocking probability is
P = 100 (L T/ E T -11 = 90 %
i=Z j=2

E Requ%%s for sefiice ped hout.

T = b0 a.//M"' 20 a.

Sinee a=q’ for a BCD sgs’rem,

-

AR sésg[n1= Pl +2(1-Blnl-Plal) = 2~ 2 Pln]- Pin].

i=0

n=H". a=a = 2-2 06548 02910 = 03994,
T=2a= 7988

n=5: a=a= 2-205875-0%%4= 04986,

T= 20a =9472
U{)Fe{' bounds for T are & and 10, 4esfec%:ve/j .
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(Chap % Ex 35¢)

881”\}61" occupuncy.,

Q= a’s .
n = y{ : ? = 0?)"?('{‘1‘,/2_ = 0/9q7
n=5 © = 04986/1 = 09493

[a] Mean Waiting e

By Ege. 87, (89) wud (8.%), the mean Woi ting time i seconds
: EW) = 22 5 (s PLuei]

n=Y4:  EW)=490(R5 +2R31)=d0(coz70 + 2-6.0015) = 2.7 sec
1= 5 EW)=90(R0 +2 RHI+3F141) =G0 (0 04852 00054 + 3-0.0003) = 54 sec
[e] PIW > 45 sec}

B-j E‘qs (872, (8.i6), (8.11) aud (812,

e r ¥
P{w>t} = c, e ‘; w;;)] , (810a)
whede
plt) = ? -+ Mt 8.m
and ~ -
o FD)L ] (n- l) a. Z)n—s II (8120,)

with t measyred i wnivtes. .
Fort=2/ win, €= ¢ = 0eot5 and ¢®) = 185 Alse,
a=i/9 aud 4/ =1/18.

n= 1. PUbJ 2Iq2 "3 = 2‘%@ = 000/#‘?9
P{Wﬂ/q} c, & (1+18.5) = 0004990606595 = 00177,
] 0.6548

h=5. d ~P[L']71TT,_82= 787 = 0.000299,
P{w >’5/43 = o€ (1 +185+ B5°) = 00002906065 1906 = 00346
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(Chap. 3 Ex. 388)

Propottion of time a source is idle

Evidently,

£- -
YT+ EWVE0 + pm7

n=": = 27/(27 +27%0 + 3)
n=5: £= 27/(2T+ 54/60 + 3)

il
Q
%o
b
)

[
NS
Co
L
ﬂ

Compafe with upper bound 0.9.

Cha,o-}ef 5, Exercise 39

'Using_Equations (63) and (8.17), show that aT[n] = (r-paFT...’

Assume a BCD system with quasi-vandom input genemted
by n sources and with exponential service times, by Eq.(63),
(n-3) fi["] . .
TR GO henD @)

Tl =

Cleatly, T,[n] = 0. Thus (6.3) is valid also for j = n. Fusthetmote,
extendineg the summation 1o include k=n does not gffect +he
valve of the denowinator. Hence, bﬂ (63),

~ (n-4) Blnl . ,
Tl = —— ST (1=0,1,n). (%)

Novd, by Eq (8.17))

h- X k Rl =
K=

oo

/
fmse«deth this expression into (%) we oblain

aTlnl = (n-§)& Blnl (5=0,0,.m).
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I Chap%ef 37 Exercise H0 ]

'Consider a single-serves gueveing system with quosifndont..

The queveing plocess updes considefation is o bifth-and-deqth

piocess with 2= (n-Py and Mi= M ‘Po'f"é= 0,1,.., n. Use

of EcT U) Tesulbs wn the e.o‘uu.'b«iwm stote mobqb:h"ﬂeg
RLnl=(Da*RIn]  G=0,.,n),

with o= Y//“- Ae | = Z;=0Pj[”] = (1+4)" Pofn],

ny 34
Rln] = SYiLhe (3= 0L,..,m). )

{(1+&)"

Since we deal with o queve witly guasitandont wput and
blocked costomere delayed , it is t1ve that TLnl= Bla-11

Yor all »3 = 011,.‘., n-1. Henee, b‘é COR
"h 5
‘ﬂ_;r[h] = W ({}=O)|,.‘.,n—l)_

| Cho‘p-PeA‘ 3) Exercise 4| |

'"Queve with feedback'.

The atrival tate of new customers tothe systew is A The effective
depafture vate (frowm 535+em) pet customes in setiice i (-p) M-
Thus the queveing piocess is a birth = and - death pfocess wWith the
pafameters ap=n fof all n,and m, = n(-pp for 0% n Lo,
Mo= sU-pIp for nz s Offered load is a=n/CU-pu].

The state of the 5\55\%4/\4 behaves precisely as in an
otdingty BCD queve with patameters s, n and (- Y. Also,
T = B due to Poieson afrivals, whete (T3 is the arfival
distribution for pew customess. The eguilibfivm pfobability
that o new avrival finds all setvers bucy equals

C(s)a)ff.ffff [H (a<s),
i=s i=s

with Cs,a) given by Etlang's oelay ?ofmu|a,,Eq_(‘f.8).
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| Chapz‘ef 3, Exercise #2 l

] .
A single setver sefves cystomess of two priofity classes .’

Poisson atfivals and exponeatial sefyice times ate assumed
for both customer classes. "The pafameters ate x and p, for
the mah pfierity class, », and u, fof the low prietity class
ln parfe (a)-(&) preemptive -Tepeat priofity discipline will

be agssumed. :

B‘d Eq. (5.1%) of Chq’o\‘ef 2, the pfOEQbiiifg oFP{‘eemfhon
for o class 2 custemer Who has st entesed o feeutered
setvice equals A /(n*my). Hence, the number Nof pre-
emptions expefienced by a class 2 customer has the geo-
mettic distribytion

A k 2
PIN=Kb= (am) 58 Kkeon) )

[6] The accumulated senice 4ime of a class L customer is

not affected by preemptions (which in effect onl iterupt
the setvice), given exponential sefvice fime and‘jpfeeml tve~
tepeat fule. Létting S denote the total Hime an atbitraty

class L cystomesr bccupies the server, we have

P{o<t}= |- e"“"**) 2)

Ju5+ as if these weie no pfeemp‘rsows allowed.

Let T denote ihe extended setvice dime cemposed of

the actval service fime & and the sum ZY_ X, of the N
time intefvals during which the customer is pfeemﬁed
Fromm setvice:

N .
T=9+ X X,. (%)
i=1 4
Since N and {Xﬁ afe independent, by part (b) of Exefcise M of

Chap%e( 2,
ECT) = EC8)+ EMENX), (i)
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(Chap. 3, Ex. %2 ¢)

Whefe EAX) denotes the common mean of X, X;b,.‘ - Now,

B = 5, (5)
RV(CY AN

EN) - M;/(x,w;) T Mg (6)
M o

E(X)= l— (}"//MI) - /MI—A/ . (/\/1'>7\‘), ('7)

Eq,(s) follows fyom Eq @). Eg. (0 follows from Eq.(l) sinee a
vatiable with the acometvic distyibytion PIN=K} =qu has +the
mean q/ CSee qqeo Chgpter 2, Exefcise Lo (EM)=x7).
Eq. (T) foilows from the ebservotion that each )(é i5a busy
pefied n a s‘.mj\e— seded gqueve With only class | customefs.
Thus Eq. CHIL) ‘applies with 7=u" and =2 /u,.
Substitution of (), (6) Qud (M inte (1) yields
E(T) =

M _ My
ZATE R eI NE )

[d] The sefvice of by h-prietity customers ic i no way affected by
the piesence of low- piotity cwstomeis. Therefore, the waitin
time Wi of an afbittaty class | costemer will have the disteiby-
tion given by Eq (25, Hence by Exercice Hq of C’hqf\ter l

P{\Nl >t = C(l,;—; ot A% Rk @)

[e] Conditiens for beunded delays :

Hiﬂh-pm{;m cwstomeys Q¢ |

: . . o a (l0)
Low - pfistity customers - 5o + <

Under the exponential setvice +ime assomption , the
femnaining sefvice tHwme at p{eemf)jr;an Wil be L{)(Ponevrh’auﬁ
disteibuted with wiean My Hence, au assumption of P{eemfﬂr:\/e,-
fesume  pfictity dm‘.p‘\me does not uhang(’/ the Tesylys

i pa{‘:s a—e. D
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l Chapter 3, Exercise ‘7‘31

'Priotity Tesetvation.'

et g = eastbound trqffic call rate | Ay = Westbound
traffic call tate, M = sefvice vate. Hence the offered
loads afe aq=ng/m and a,= A,/M, Tespectively.

[a] ay pose 14 n < s-l A westbound call wiil be cleated
in arfival state 12 s-n, whereas an eastbovnd call will be
cleaqed onl\j 12 j=s.

The queveing pfocess can be modeled a5 a bitth-and-
death procecs With Az =g+ Ay for =01, s-n-1; ) =2
for j =P5-H,...,$"3 /"‘i’ ;]/'IE1 F"‘Y‘lj—: 0)4’1-‘ 2. 133 E‘f~ (39'{5)E
of Ci;apl—er 7 theu

O+ B o = e—muf

4

(s-n +’)/"‘ F.Z-n-u

7\EPS_, = sm @

E Reau{swe/ solution of the gbove state eqUQ’rions give

i
(ara))" p (j=1,2,..,5-n),
R (A !
+ " oat

a,+a,\*" a ,
(T) TI'B (j=5-n+l,..)8).

As vsual, P is found bﬁ vse of the condition Zgio?i; I

[¢] Loss on eastbound traflic = B .
Loos on westbound traffic = g_n% D
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ln ordesr to minimize ite telephone bill ...

[a] Equilibtivm_state probabilities for flat-rate queve.

The equilibrivm state probabilities (B for the flat-role
iueuein_q system can be found From +he following eqUilibriywm
tate equations :

O+ A F = lub
(hx+?\2) foi= sM R
2 B T SM ”»
2y Fs>+i=: ST
Bg Tecutsive solution,
(a, +a,)*
- ﬁl—:T‘i P (3= 42,0, 5D,
3 (a+a)s&5‘5P (;= )
S (2R G osyen),
and &l (a+a)k  (a,+0)° 1 -1
l 2 2
;- [20 Y l-aﬂ/s] )

with a,ﬂ,/p and a,= 7\1//44, where a,¢s if 2,25, then @= 0 for all i

[b] The blocking probability Bls) = Il =X, F

_ gﬁ_‘j..
(a,+a)°  {
N s! /| - a,/s
B (S) - E‘I (ajiaz)K + (a,_'_ql)s‘ / (QZ < 5)
k=0 k! 8! | -—al/s

Obsesve that calculation of Bls) io Facilitated by the formula
Ble)= s 8(5,0#01)/(5 -a, (- Ble,a+a) ,

as is eaeiij veﬁf‘.ad, and the recurfente of Exercice bafchap%cr 2,
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The overal] cost per mingte, c(s)

Cost pafavwe+ef5:
= cost per minste of o flatfate trunk,
Ty = costof o doll call for the first minpke or fraction thereof
v = cost of q toll call for each additionel minute of Frackon thereef
Letting M denote the mandow numbes of [~winite sateqvols beyond
the initig] [-windte ‘m+eNQl) obviously

e(s) = cs + 2 Bls)r, + E(M)¥],

since ) Bls) is the average overflow vate oF'high— priofity
customefs fequesting service from the flat-rabef +runke
and T, + EM)r is 4he mean cost of a 4ol| call.

Now, givew exponential service hime with mean u™', +he
probability of holding the line for atleast | mote migyte
equals &M at-the start of each |-minute interel. There fore,
PiM=K} = (M li-e™) for k= 0,i,.... Hence E(M)= e"'f/(i-e"‘),amd

cte) = ce + 2 [g+ e,f_,]ﬁ(s).

[d] Mean waiting time for |OW‘p'ri'01’i"r-‘\j eglls E(wz)_

[et W-L= waiting time of an arbitfary low-priofity customer.
Obsetve R, ="B(s)(a,/s)d(] - a,/6) Fofj =0l..., and, for N
equal 4o the'affiva| state of the customer, E(\,\gm=s+j)=((j+l)(57u)"‘.
H’ence] T q1< S, S ce =

&) - Stj)
E(W) - goﬁ(wi
= B(s) (5/4)_‘((° gsz)" = 55(_5;2 fqnalojous widl Eq.(h27)]
[8] Oceu pancy of Plat—yate ‘ffdnk‘s,‘g._

N=orp T, = Bladeur £ (8- #)

Cieq{lj’p?):’ ifa,25 Incase g<s, the cartied load

on the Hat-rafe sefvef group 16 o’ =qlI-BE)] +a,.

Hence,
g - all-Bllvae (5 <o)

§= s ]
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I Chapter 2, Exercise 45 I

'Time - vatying Biscon mP‘_’_fl

@ First gesume that At) is continyols and d; Plerentiable
for all t. 3\1 the feasoning vsed For derivation of Eq. (25)
of Chu’ofer‘z we find

d py ” . .
7t B =@ F @ - xt) P& G=g,..,P0=0],

the initial condition peing B0)=1 Sclytion by fecoifence
statting with 30 yields the Fisson distfibution
, N _Ac v
Pty = N a0y )
F) i! g )
whede ¢ _
AR = A dx @

a

_mt’/ equa}iovy% carr be. shown fo hold a‘so in the case ef o
piccewse continvous aud di?‘(é(eu’r.'able‘{ 2. Thio wmay be done
by vtilizing the udditivity {Jfope{*'(y cf the Risoen didhibution.

l_bj ln the intinite sewer queve a customer whe atfives of
time x <t will still be in service ot time + wWith probabilit

[ = H(t-x). Hence, countin only atfivals that wiil be in the
system af time t, the eWeﬂchw atfivol qfoke af x <t equals
Ax) = ALl = HE=-x)], The c:oHesPo‘inmj cowzl'iwﬁ pA0Cess
is o Fissen pfocess with time-vaiying Tate. %3 (0 and
the number of customers in the aysfewm (= v srivice )
at t Wil have the Prissen distyibution With mean

AW = I ATI=Het-0Tdx = A {! T -HeTdx
= ALE(-H®) + §* xdHOD]
= Atpw),
whefe plh) = | = H®) + {7 § dH. This pioves Equation (3.11),
f—ma‘!lﬂ) we observe +hat alse Eq. M.16) of Chalo\‘e( 2 may be

preved i a sinulaf Wy 'bj appeal to the nekion of a time-
vfﬁji'wgi Poisson precess.
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l Chapter 3, Exercise ‘féj

"Tran s ent analysis of the sinele—sewef Erlang delay model!

[a] For the M/M/I system, cleatl
Y ) Y
Rt+hy = BOLI- AT + R uh + o),

q(f-*h) = E_,(t»\h + a(ﬂﬂ -()\+/u)h] + Eﬁ(t)/“h + ofh) (4= I,’l,,.),

Hemce,

R = -aBw) + u P,

S &
Pew v

(O = A 0-04wBO+uBR, @ (-1,

3 i+

Choosing u™' as the time unit, then =1 and 2= My =a, so that
the above equtﬂ’mn 596+em becomes

HPW = -2 P+ P(e) 0
di- P} P (f) '+¢)E(f) -+ F;H(f) (J - I)l)) (2)

[b]  Consider the avxiliaty system of equations
%%(U aP () -« t+a)Pt)+P ® (=0112.), &

tadl

Fj(t) - o P, )
(%) and (H) {o\cjeHne{‘ imply
%é(t)=—a/€(t)+f?(t), (o)
and by (),
diﬁa = af, ® - a0 B+ B, G=12,..) (1)

Thys, if Pw 20,%1,22,.) is @ solution to Egs (3)aud ),
then P (j=01,2,. ) Wi H be a soludion to Equations (i) and (’Zq)
As (o) and (Za) afe FoinQllﬁ idewtical to (1) qud (7-) we conclude
that i F P #) for 4 /)+7- soives (3) qud ("{ then PJ(H— P(t)
for 3—0 l and a!l{, will alse solve (1) amd (2).
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(Chap. 3, Ex. 46c)

[e] Let /FB(z,t) denote the qenefating function
Pt =5 Bt ©
;_—DO

MuHipl:cMwn of Eq. (3) by 2t and summation for all j fesult in

00 ~

> FPwei- azg_w%_,(%)z"'—(l+a); Poe«a 5 B ws
= =00 , )

j=-o0 00 4%

" d% g_wlgi(ﬂ ¢ = [az ~(1+0) + z"]éf—(t) Z)
.whxch]bﬂ ©), is the same qs

4 Plet)=[az-(1+a) + 57 ] Pla,0), 7)
whose genetal soludion is

Plz, ) = Gla) ef-Ust + warzt]. (8)
wWhete G(z) ic any funchion of 3.
E Eq. €3] may be fewditten as

Pzt - G(z) e‘“*a’*e;’[2a"“+][(a"=z)+(a‘/¢z>"J

We shall use 4 fact that

YD T, X" @

K= ~00 !

wheie T, (y) ate the wodified Bessel functions. Now,
sefling y= 22"t and x=0a"2 it is seen immediately that

Pla) = Gl e 35 T (24%4) 0™ 5" (10)

= =00
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(Chap 3, Ex Hbe)

E} QuPpose Glz) has #the expan sion
G2y =X, 5 iy

luseftion into (10) and collection of terms bj powefs of 2
lead 4o

P('b,t) = 5’;‘:_,” (e—(l—m)tké—-w ckaﬁ_(i‘-k)Ijm(,La-/qf)) Zi,

Compatison with Ec]. (6) shows that

/F\‘)l({) = e*(lﬂﬁt ki:-” Ckaé(4‘+k)1~ (ZO.'/Z{‘)' (’r)_)

‘jtk

For y=0 Eq. (42 specializes o
| = ‘;L:_”Ik(o) X"
wheieby Ty =1 and T, 0)= 0 for k+0. By U2) they
A _ 00 Liia ) _
ﬁ(o)— Kf___—_wckaﬂ‘ kIHk(O) e

Let i=initial state , 50 that PL-(O)-'- |. Thew (Pfo\l;ded %(H= @(‘E)
for 4=0, .Y e = I, and c,=0 for k €0 but k#-iThus Eq (l’L)oan_
be wiitten '

Bt = ew g2 0T (20" + 5 ’cka-é<é+k>Ii+k(za"zfj 03
By Eq (%),
B)= UL (1240 + I e, ot T, 00"0)] |
B0= gt HT | gm L ot BT, ai)
From these expiessions and Eq. (H), Pw=q EG), we obtaiin
CHI +Ed To= o T 40" F4, T,

wheie d = CKO--'kk and IR=IK(7-GW'“~
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(Chap. 3 Ex 46 h)

[h] Since L.=-T,0), Eq, (M) can be wiitten
T, *LAL =T +atS g T,

This equation should hold for all t and heace forall arquments
24"t of the Tps (£=0,1,...). Cousequenty, the coeffﬂcnew‘f'
of each I, Wlus’r equql zero. For example, fof i=2 this
fequitement leads to +the following set of equa{'.oms

o4
0= a%d,
d =
e, a%dz
Q +di‘.= a;d; liel
d3= a?d‘,‘*a 2rra
d‘lz a7d5
d;" O.Ed6

For a1baha15 imtial glate © the solytion is

dy = (k=12,..., 1) [voird 1f =01
2i=2mz (1) m=112,..)
L] Subsh’cujtmg the tound valves of d, = cea®into (1)) ot the sawe

time feplacing P(’c) with P\t) (the s ah%a‘non permifs this), we get

Py = (oL, (eg0 +o 30T, (k)

+ (I aJZ az(@ -gm- wIQ *”Hm(?a‘hf)],
Simpl‘.g‘.cqhon tesylts in
P}(H= q{“i_i) e—(H—a)f[I (?_0. ~{_) + q 2J‘4+£+I(2a|/2+)
(15)

-0 3,07 T, 2]
[i] Equation (15) holds for all values of the caitied load q. ]
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LChapi'ef H, Exercise | ]

'Finite-source Systems with nenidenti cal soyrces.'

(o] A'nging as in Gection 2 of C‘hafa{erﬁ we find

b, = Y2 P(1,0)
27 PO+, P0,0)

expfessing that the probability that source L is blocked equals
the number of blocked gource” 2 - calle pef unit'time divided
by the total nuwmber of souice L - calls ped unit time. Henee

P(1,0)
b, = P—(Om N
[o] With source 2 inactive  the systewm 1 in fact a one seivef,
one source systew, and the sole equilibiivm state equation
is yR=mF Given BE+F =1, we find P‘=((,/,wﬁ/(!+ Y.
b, is defined as the po bqbili%g that sousce 2 at a tandom!
chosen pointiv time finds the sefver occupied . Cleatly,
b, = B That is, whether blocked costomer cledied of delaxjedﬂ(!))

R (7.
b, = e (Y!//A') : 1)

Blocked custowmers cleaded .

First we calculate soutce 25 blackin pfobabiii’rﬂ b, The

consevation -of- flow equations  wheu both soufces ave active
ate

Gty PO,0Y = i, PULOY + 1, PO,
PO P
M P00 = v, P(0,0)
We need only (1,00 in +etms of P0,0). The middle equation
gives us P(ho) = (y/n) P0,0). By (1) then

b, = (yi/m) PL0,0) M o
T P0,0)+ (/M) P00 T T+ (/) -

A cow pasison With Eq.(1) shows that i the BCC case by = b,
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(Chap. 4, Ex. I

[d] Blocked customers delayed.

quin we mlcu[a%@ soufce 2's b(ock‘ma pfcbabili{’ﬂ b,. “The
con sefvation-of- How equations afe those found v Bection 4.l
above Owuh‘ang one equaJrioh we have

Cy* M) PO =y PO0Y + i, P2D,
Cyy* M PO = 1, P0,0)+ p, PULD),
M, PUL)= v, PC0),
M P01 = v Pl .

Sub‘a%#ulrimg the last two equax‘ions into the first two, and
then elnm'nwwLi‘ng Plo,1 and solving for PU,0) we detive

- ¥i (Mot i +yn)
P(L’O) Na/‘z*/“yﬁ"’/‘"i(’i

Substitution of4his expiession into Eq, (n gives

P(0,0) .

{1 [/‘z ty “”YJ

S e N ey

oT, -
o - M) e + v, + v ] (4)
2 Tt o e+ ) Dt ot ]

We. shall P{ox}@ that bfL= b;_ i and only P =My, Fifst

= b, , by Eq. (0. Convedsely, assume b,= by 83 Equaticns
(L) and (1) this xmflzeg

assume p, = py. Then Eq. (1) feduces 4o by = (y/u) A +lWM‘)

My +Yi+ vy - / [b’b/]
MiMo MY+ Maly My + Mt v

it follows easily +hat My = My, We conclude that i this
patticular BCD wodel with nownideatical soufces, the atfiving
cwstomed’s 2-sovree distribution and his obsesver's i~ spuvce
distiibution ale the sawe if aud only 18y =,
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] Chapter M, Exercise 2 W

' Thiee cities A, B, and C, ate interconmected by hue Hunk grevps '

In every case, let X, u;,i; denote arfival vabe | completion rate,

and nyinber of calls in pio 1ess, 1espectivel ,fo{‘ci{t\j connection
o o (1= H1,%), whete i=] fefess +o A=B i=3 fefers to B-C,

i=3 refers 40 A-C Jet P(énrj'z,ﬂﬁ be the equilibtivm shate
probability of state (j,iyJ- Always, itis vaderstoed

#hd{' i}n ’31) 33 2 0.

[a] 1n case (@) the oilibtiom state eguations gie -
q €q

()“fh*-*)}*iuﬁl*31.}&*?/4;) P('Jn Y j») = e
i 72 " 15 LN RN K L hit33 <5,
MNP ) + lz_P(jnjf’»j's) * P, a}") (jgg,, <s.j
+{,+ M, P(jpl, '11.45) + (ﬁz”)MQP(J., I )+ (j3+’)/‘zp(j|»’]1\33+')
Ot oM+ fapta + s s) PU i) = s
o '.'L,' . - . j|+33<$’lv
)"P(a‘-l'q‘;lqy) + hi P(ql) 17._])1’5) + )} P('}])al, 51’_,) ( ji‘. ""i"” ‘52)
-+ (,J|+|)/M‘ P(3'|+I) ' j'“z)
()‘1+51/"1 Flamt 5’5/“‘5) P(ﬁnﬁu’jb) = e e e
. ! . . ! . M { « . /} + }”7 - bn
7\I P(al‘l, joisht AZP(JHTL") '13) '*agp(anh) 33") (;14 is < 53}
Oty PGo it 1)
(;J'M' * T g Ma) PG ide = htis= s
LY P(jf’) jols) * M P(jnjz"; 1t 7\’5P(3‘n J0 33") (;’jz* 9'“:""5)

1f g =c0uud 5,700, then Iy 4o and gy ate independent Risson vati-
ables, and : o
At O™ Qv ) 12

P(ﬁn/ihﬂ”h\= i T W c [5.':“" 52.:00] )

Becavse ofa coitespondevce befﬂ»een tetwms on left-qud vight-
hand side; of all the equiiibnum stale Quations in case @) itis
cleaf that also in the (’1666(44' ease the selvtien has 4he PLovun

TN (%n/Mhal /i Qs 0% 3+ist s,
P(')nﬁ’l-)%’b) L Ja! i3’ ¢ 0¢ Jat)s & %')

4

¢ is foond from ihe notumelization equation 2 PUyjule) =1




(C‘ﬂa!o. 4 Ex 2 b
[b] th case (b) Hie equilibfivm state equatious ave -

(x T At g +§|/":+52ML 3'5/“3) P(Q|u§’l)§'b\) (}'l‘* max (0 1s” c‘)<5 >
A P( b dnds W)+ 7\1P(3 1.7h4) Jo* max {0, 45 3)<s,
+)) Ql)ﬂ’ll} )+(S+I)M1P(a|+[ 1 ’A’D
+ Grm, PG gt 1“‘0“”“*)&1"11‘&3*”

(\7\l+)\’5 11}"! fop* é’bM‘b) P(inﬁuﬁ )= { he<sy, (TN S)
7‘|P(3,- Lindal * 2 Pl 4! )33
)bp(al)’]l)b 1)+ l’j +D/“aP(]] 71 q )
st s Pl g o]

(2 +)\‘b’L’}I/"‘« 1/‘41 ’b/Mb)P( a,juﬁ") (}FS,, ¢ 52,1:3%)
‘Jl 7‘1 (ﬁn'l} )03
Aqu‘,ﬂ 13 () * et DRt ]

* (it iy PU o, o 1)

(n+ MA, Jepet WAQ P(gl,%ﬂ@) = p+ Uyms) <5,
N Phs '112113) 7‘1P(Jn1z ;Js) jot (3375) =5y,

+ A Pq)’jl ”+(1I+I)MIP3 Vo 14,) ;}_,7_2_5
(g7 hm? //‘1 3/43”7 ) ,33) j,+(g’3-s)=s,
A IP((ﬁ 3”1 747\1 (3?:131! 13) <.jl7.+(33- 5) < 5'7_)
* WPy s D Dty ) in25
Nyt Japa * japhn) Pl da, ds) = (4125, 407800 15<5)
)P((ﬂ ‘)11»‘]'5)"'7‘1‘? 31)%1‘ I» ) o
+ 7"3 31)31_1/)5_”-*'(33”)./"’6 'al) ) *D
’3/‘": 1Mo+ 5/‘45>P(3n’)m1§% = At (55’~5)=s,7\
‘1« s 2 P ) w%-s)w)
)?;P o duis! }Zs

The soludion is of the same fype as w case (a), namely

Pl iy = O/ O/, (M/M“' (05 maxlt 5 s)wj
R V3

él, /}1! -33 OS 37-+qu )}3—5) S
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(ChQP H Ex. 2 ¢)

Without o switching ca ability the state desctipton wwst be.
(ﬁn"a'z.\'ﬁ;)ﬁg) where js amd j; denote OMQCH\JJ and iwolHecHg conmec ted
calls betweey A and C. Tine complicates fhe equilibtivm state
equa«tiome somewhat | but worse | the decomposition propeity is lost,
20 that the solution method above io not applicable

[d] In case d, denote by <, the number of +runks ditectly cenpec-
ting A and C. Observe that 175 128y, ja<sy} with siilas
wplications of 1.>5, and 4,755 The equilibtivm state equations ade:
. i+ max(0,4s-%3) < 5.,
(7\|+>‘z*)\3* it AaMat faps) P(anﬁhﬁ'z) = \gp qu(pﬁ,-s;) <sz)'
AP Lduds) + AZP(ﬁ,,h—l,w o (‘3|+maxk0,éfsﬂ<s,,)
7 2Pl gD+ i, P 4o St e S
+ ('11+')M£P(éi)ﬁi+')ﬂ5) 4'(ﬂ“b*n/‘% P(§t>)§1) ia*') of (%’;*maxw',g:-sl,) 45:,)'
(24 ﬂgﬂ' it o) P(ﬂn o ﬁﬁ = I e R A TR AL E NS I W)
?\I (ﬂ.fu‘l‘,ﬁﬁ) + )\:L P(@“ /J.,_.ol,‘j,}) of (31*(51-’31)<511 JaZ o, Iy tljms)= $5).
+ )3P(GHIJZ’I}’;{)+(6|’.”M' p(31+l’3’1-’35)
( 7‘l+’j|€t +'3L/M7.+ fl’b/“’b) P(in j‘h’:\'b-) = (“}44(53‘33)=5n futtssesy, 42z Ss))
3 (3,—1,3'1,13,) + 7y (d‘,,afl, 33) of (3,25, 4ot l4,m8) 5, , 15448 =5,),
+ ?\3P(é,,,jhjg-l)+(jt+l)/41P(1').’jfl,33)

( ?\5+01M.+§1/‘41+dzﬁ4e) P(jn-ﬁanh) = (J;*(gl-szﬁsi,j:;sv i Flgrs)esy),
A 3:—(»%.1«,) +A, P(jh Wh js) ov (j.i 8, fu (3750 750, 45+ (i5)4ss)
" )ﬁptd”}‘h"]f') +(j3+”/"’3p{?je)3m§3"€)

( 3 l/“’ * 32/41‘+/j?’_1~‘37 P('al’ M’ 33) - (gl z 5y ji+ (él-st)= 911‘33+(1x'5()‘53):
N P(ﬂ‘_,l’jé'd") +)1P(ﬁn‘j?-'i’ﬁ5) of {iptirsd=snfazsy, J5+zs975),
+ WP YV of (ép‘ (=598, fa* s )=2, 4525,

A%alw) e solution 15 of the same Jrjf'e as in ease (@), nawely

) Ogunit (ns/ﬂm"c
! 4e! 4!

P(Qn"lv}a) =

for all feasivle combinations (j‘,/jl,dﬁ. As vsual, ¢ is Povud from
the conditien 2 P(’j“'j'z,'j;) =1
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l Chapter H, Exercise 3 ]

‘_Agfo up of s tfunks serves tWo types of Bissen taffic ena BCC.

Let 3y be the mumber of ordinaty calls and j, the number of
wideband callo in plogiess. Then j+kj, is the tofal number
of tunks that ate helQ.The equilibfium otate equations aie
as follows,; assuming 4,20 and ), 20,

ONER+ i+ o i) P(d'n{\fz_\) = (0¢ htkja$ s=k)
fP(.a_’)’ll + A (ﬂ.n{]f‘) k

* O PG 4 + Gt Pl )

OO0+ M+ jap) PG, A = (s-k<j+kjy<s)
M PG =1 420+ 2 Py, o))
UM PG D

(A, M, + 5 )P(-)-)z (},J'k':S)
RS b

By the same considerations as before | itis seen that
e solution is given by

oy Ot O
P(ﬁn J = g,!' P ¢

. -l
c- |5 O (g
" . ‘|! 41.! N
Ogh-rk“gs i

Denote bj /}’{ = [&] the highest possible numbes of wideband
calls i progiess. et B be the p{obabil.’{'j that av otdinaty
call is lost,and let ) be the probability thata wideband
call is lost. Then, clearly,

(0% jHKjn g9,
Wheie

it
R = Pljrige= o3 = @gap(s—kﬂvéﬁ)>
and ' *
! s-idk _ s}_}gk )
R= Plo-k+l ¢ jrkjeey=2 T P(1.,5D+wo?(jnaf)-

jo=0 §j=5-jak-tk-D

O
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[ Chapter 4, Exercise 117

' . R '
A 9foup of o servers handles n types of custemers .

Let T =0 if x£0, T =1itx>0 With thie notation e
equilibfivm state equatiens can be wAitten

( Z’ A D=3 + gmﬁ P(j,)gq,,“'w = 0838 ki, = m,
n : 0 gzih‘lﬁ(s
:L;l W P( iy ﬁ‘l—');}iﬂr“ )

+ Zn Gt Om L= PO, ii~|r{ii+')ia+n-~-> ,

i=1
" " : 0454k,
( %,'J’i/wi) P( in;h-' ) jn) = £Z=I7\,'_ P(“')’jl—/v’ji_!l J,;»m'--) L=y h )

whete 3'-1 dewotes the womber of customers of tupe {and je2 0
The cottespondence between LHS and RHS ferms such as
)iI(k;“j") P(inﬂq—r“)%) and (ji”)MiI(ki'J'i)P(v--,jz_,,4‘("’,;}4,) ence meje.

imdicates g solution of the fotm

O O™ w0 Gk e,
P(:}»:)Q"La"-l}m> = ,j,,’ :}2! 'j.y..' Y (02?{[?‘“}‘.;5 )

3

whete  as usval, e is detetmined Pyoy X P(@névw "

Let £ be dhe equilibtivm pfobabiiity that all serveis afe busy,
and let B be the probability that j:= ki while not all fhe sei-
vers ate busy. Obviously,

i E =(ﬂj§.)§"5esop(j’l)'ﬁ"—) "';'jy])) (!)
whete i
go ) {(zh'.a?‘)“" 9”) $0¢ 'j’is ki 1= 1)"';"'3;2:13(% = 5})
and . y )
. = . . L R 2
\A”ﬂe*i& ) (il)"')ih)egi 1“37_) '(}ﬂ ) ( )

S Wi 1 K3 0% 4 ke 72 Z <5,

,%3 the as’;umﬁ;on o f Brisson attival steams | the piobgbility
Fi that a costomer of type i will be blocked equals

b =R+&. () ]
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‘ Chap’%cr H, Exercise 5 l

"A afoup of 5 servess handles two types of customess on & BUL basis.'

[a] The equilibtivm state eguations ate, for inje 20,

A+ Ga=gy + 4+ iMQPU‘., D= (0;4,+3~143)>
A P('}I ’40 +(n- +DY |13f:. n }'»1_( Wli'n(s,h)
+ (alﬂ)/ul +I,3,,) +(1 +J)Mla(}”31+ﬂ

(7\+ i, ) P( g) = 04 4 < )
7\1PM(Q-I /j) +( ljéfl)YP(?“/JQ ) <42 -?:m.?(s )
+ (al-ﬂ)/ﬂl (1 ,17)

(; )P(' i +4.75, >

1 cqse & =00, Hn& equilibiiom states I and j L aie mde]aeuden{‘
7\?”’(33“( +m, P (,* and (n- ;}) P )= (gﬂ)vi,_ QgD btJWhlch
P Eu},mé/ eand PHG = uY/Ml“ i L jasn Tms suggests
that iy the p{esemf case wheie 5<o0 we Wil mwa the product sa?ulnon

Pn(il)’}z) = M’j’ (1) (L)L (0_9 J <S'> 0)

4'9 z 1.4 min(s,n)

for oMl feasible (0“@ ), wheie o, is defermined flom the condition
Z;nm(qn’ \_;_0 P(jn,jq_ ( EC{U’Hnom ) s \fe{l\cted b Vlo‘hv
that the ‘equitibyivm state equations cm be dea; posed i q'
equajnemb of the 4we jndpeé }‘P(W\% = ‘jﬂ),u‘P(m*l,m and
(n- \YP%,@ = R TRl Uy +) which ate both satisfied by m.

lb]  Customers of 1 ype | aifive i a Priscon stfeam.
Thetefete Tyl {'7— P (ot and

_'ré(a'nﬂk Pl (0 Citpat %) )

;]7_— minle, n)

an umalo {o E 26) of Chapu‘er 5 the eqvx( btiviy
pwbﬁy lity {lw& q cus jmmc{‘o{: {Hpe 2 will attive in sme<w i
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(Cha?. H, Ex. 5b)

(n-1)y P30 o
TEGo) = T ~i: £l ( 04 ?’i*@’-gs))
RV gxo k,tw (n—kDya(knkz\ G0k min o) '

83 (), theu,

O/ V jo
{n- }9) M‘ ( )L)

‘”‘ 0 —4—--1‘-1#31; 8
n’\?_ b Z’K“m ikz( kl)(__/ﬂl_'(k (L ! 4q & min(sp) &)

We shall deal with the 4wo cases < s and n>s in futn.

nt¢s. Hese mnw(ssﬂ =n. Obviousl n) P vn 0.

Fovr ,a,z__ n-l = min (Sn D, Eq (¥) 3\;0,5 a(f)ce{‘ *re\xH hmﬂ,
()

20 N o Oﬁ—"};"fjfl_és,
_:Th(/an/}q) Viﬂ(g n—l)ikz (X/M) l(y,,')(L Kl < ?7.; mm(s,n-l)j
=0 =0

(,ovw?(/l‘ﬂoom with E (D shows ‘(’ha*’ ﬂ—z jl)ﬂ'?) 1 )
for 0 $iitiats and a,,_i win(s,n-1. This we “haves & howw ’r
ifne S, then LS (41‘00 P l(ﬁn(\'l) for 046 TL Lo aud ja & m.n(b n),

n>s  Heie mulsm)= winlsn-) (=9) and n- o> 0 for all
feasible Jo- Bj 09 it Pollows +hat ) again,

(m/m.)“ h ; ( )zz

T, = Oéé;+élés
Wh H,\/,jq) mms,n-!)ikt (_/ﬂ‘_f: -y )R;_ < 3’7_,(__ min (s,w-l)>
i,=0 k=0
Com?amsow with Eq. (1) shyws that also if n>s | then

T Uodn) = B God for 0<j#)p4s and 4, % (s, . Note

*\qak desr) ite appeafances, the ‘vanae of 1, 4o not Hhe same

for T2 W Uode) N en nts and whed h> s since i he |atfec

case we have just wiade the substi hH' on winlsn) = wminlsn-N.
We couc lde taat, for g nzl,

05 S, 4
n ﬁ“d”-) (’\n(}D ( gmgén«g(q n) > ®
[
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[ Chapter i, Exercise 6 ]

'Calls_af1ive according to a Poisson process ..

For 3"3'L> 0 the equ‘i\?b'fiuvm shate e.o]ua‘l'.'ovzs aie-

-4 N-le sy = .
<”«+"1‘3F3"~ ! m+ng-j- 42-)\ T Qz/“) P(Mﬁ) ) (3'< o 4"2)
n=-4+ Ny iy +

neEng=fi-a +l A P(Jl- )ﬂ-l hy+ e -fe+l A P(dayﬂt’f)
+ (}1*')/"‘ 2 jithid + Ocrm P(jniqm

<Y! Tw:_j_l 417‘ J/I/M 91/“) P an ﬂl) = (1[:5“ 9'1(62)
ny=gt] Ly !
FﬁTm“P‘ar 0 e M)

gt D PGy fyel)

( n *"9. ir 17-)\ J'/A 32M> P(inﬁl - ('j,<5,, 32_:57_)
T +:,'l——“d *1—~L+, APG - ) + mi_q—;fa%ﬁhp(j”h-o

* (élﬂ)/"1 P(j;*')dm

G+ o) Pl = (=5, o3

Lt T SN VS WA L
h,+n',_—j:—;2+l A P(Jl )(]'L\)+ n,+n2—5:—51+l A P(Jnofl) .

C!eafhj, a solution 1o the equations

n _il .oéél<5n
h|"’|’)lq_ Jl 12_ Pgnal (‘}IH)NPJF,’Q'L (Oéglé_s )) (*)

Ng-js.

0 <4
a7 PGl = G Plyie) (0%

Will also be a solvtion 4o the equilibtium state eun’rions above .
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(Chap, Lf) Ex. 6)

By tecutsive solition, (9 yields

WU RS AN )
P(},,O) - :i'!(n,+.n2)1.'(4n.*4'n! () P,0) (3=0,10 9,

and (* % yields

CoN Ny !nptng - 4, 4! o 01,85
P(/}”ﬁq-)_ Yot (npny =) ! (ng-)! ('/M) P "O) ( =01, ,Ia.)

Cowbination of the 4wo eo[uaf(;ons and the sibstitution ,7‘7= @
1e90lf n

ney (0 e
G () g

(i G

PUj, 10 = 5 PO (08nss),

0<L1ts,

Wheun (ny0,) = (5,,8,) no call is lost i any twak is idle, and
every call is lost if all trunks ave occupied.” By (55) « @leuf%e(E
theu 'P+1 = Lol +i1 18 Fustherdove | i%hie case ) b
A11iVing costomer wq with equal picbability be divected 4o evedy
idle t1unk. Consequently, the & it 4 occupied ¥uaks ate actuall
dtawn at 1andour From Hw/ Mg trunks - By the hyergeome
G‘aﬁ)ﬂibt}hOm P(é_ Ml‘*aq_ = ') “i)/(? :Z? H’ fol‘O\Un i '(;O'('
(1) = (8,5, b= 9‘ jitie): P Tt azjieewew with
the utemed Pm(mdla 4@(7{‘ P infe) Tnn mmj 5099¢5t dhat the
Formula holds also for nzs, and n,2 S0 a5 t does

ulhap+erH,Exercise 7 ]

' Customeds aqdive accotding to a foiseont process ...’

E] B\i the theotew of totql P-;obab;l;hg,

§(§+x5,ép( iy ,’X'J) = PJ, (3=0) I,u,ﬁ)
‘FO‘( QWH i X ‘F/M‘ .. /Vlo, /./l) ‘Hﬁem +hl7/ Wl"dﬂ( qF)ec(dhEe% ‘fG

the Eflamj loso w:oda( With ? quvew by Eq 5%) o F(,hq?&u >,
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(Chap 4, Ex 7a)

With qandowmt sewver selection aud M= =M= p, cleadly all
com binations oFa‘ busy serveis have equal Pmbabiiﬂ-j. Siviee
the number of combingtions 15 (),

Plx,x) = (DR (Xt X g s pt)

bl  For x 01y the equilibrium state equations may be wiitlen :

& s —~ .
()\5_:3 g,u—XL) + LZ.=IX‘.-M1‘> P(?‘”...) Xe) = (Oi E,Xi=é <S)
A s—gﬂ ( P(thxzrwxg,)-l- F(X‘,Xl—l)._,)xs)+ -t ?(X”"'ixs—nxs-,))
* (XQ+DM‘§(X|+I7xll"'l’(S) +o 4+ (X("'nﬂ:?’(xll'-»)XL+')"')X5)+ B (Xs‘fl)/‘/{s’[\j(x,)- .,XS_’,XS'D,
( Li:-lx,;/«ii’) P(Xn‘-')XQ = (g,"FB)
A (ﬁ(x,“ I Xgy s xg) + PO Xl k) + - 4’\5‘(x,).,‘,xg_“xs-|§>
Once wofe, theie is w paitwise cotfespoudonce between LIS
Ql'\d RHS tedms . It -1"’16'66(4 ‘qui' {'he eqoil;bﬁdm 5{'04’6 equa{:om
will be satisfied bj PlX,,., %g) sahs%mﬁ

7\%—'—3 POy oy Xy %) = Ot PO 2 x) (20, Oéi‘xi=j<s) )

Let ’[5; = ’5(0,0,.--,0). By ), ’\S(x,,.‘.,xm.,.,x‘ﬁ € %,\T); Fof x=I
and Z5, % = =] Ge. x=0 for 14K This tinding can be expiessed.:

Pl x) = ST @R (Sxmgel xeton).
%j {ecutsion, (¥) Hie'\ds

~ S=-3) _S e .S

PUxyy .y %e) = (5! )'LT’(,%Y( b (glej(3=l,'1,...,s),x;e{0,l7))

Notice, the fotmula also holds for £ x,21=0. Fingll fewditing
. ) i i=f J ‘j)
this foimula we oblain .

'] S =l E(%i) R

P(Xl)"'IX5)= (zxp (Zx)! Po (XEE{O,'\B,H,..A]Q

As ysual, ?0 15 found biﬂne notwalization condition. ]
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| Chapter 4, E xercise & I

'Network of gueves.'

la] Let A, devote the wean arrival fate ot §; . Obviously,

)‘(=)‘) A= Puz)‘) A= P, 7“I=”_Plzpz)7"

n the po“ou)iwg it will be assumed +hat )
The atiival process ot Q, is fhissou. Butkes theotem,
thew | the equilibtivm out put from § 16 Foidson . The assign-
meat of this output by loflery leade fo o decomposition it
mdependent foioson streams” with fates 2= 0N and n=pp,
feepecfwel‘;. We aleo note that the =um of dwe ude

: endent
Po1sson stietms 1e Bisson. It can be concluded %hafF

, the infuf'
lo eVedy queve is Poieeow, s0 +hat each queve functiond s
an Etlau

9 delay eystem with equilibfivwm state probabi i+ es
given by (45 and M) of Chapler 3. Thus, for 1= 1,23 4,

( i/ i‘)éi
| & TE (= 5D,
R = /)

C; si"5zj‘-si (Jz‘: $,5:4,... ).

i_/é{"_ 45,: for all .
4

 Futthenmete | g5 o consequence of Buike's thesiem, the
states ate wdependent, that is

Pl fadn ) = P00 B BU B

@ Wl+h Pe/ed bQCK Fffom Q'L {0 q‘ )the, VV(QQW Q'{T‘H‘al _{q_‘,a/a{, q‘ |5
7\T =N\ + (PanW\ -+ (Y”P‘Dt)\*' ..

n 4his pathicvlar case theteloie, the mean atfival 1ates ate

¥ - A * - pr:?\ * o PI":)‘ *
N = Topape 0 227 ToPapes N5~ Topapar M= M.

Le;('/Mitﬂ be defived as v (212). Thew the equﬂi%wm state equarhons afe:
Qs )+ pa3) + sl ) +p3) PG A, g =
A PGEh s g G PPG L4t s, 30 400 o0 PG fe b
¥ Maprl) PZP('}F’I i gaidu) * Mzl pay P(/}n Joth s, 1)

* U PG ) + pay D PGudais 4+ (}c>1¢»35:5ﬂ§ 0)
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(Chap. 4, Ex 8 b)

Congider the pq(loWiyng five equations obtained by paiting teims
on LHS and RHS of the equilibtipm stale equations,

A P(g‘,gm,q‘q) = O P 3 s g+ 1), )
MGG E g 3= APG ki) * g0 pa_P(jrl,jgl, i, @
Moy P duds i) = MY o PG, 3, Jor 340, )
M58 P00 4 ) = MGt 1 o PU, e 300, )
pn Gy PGy A 4, i) = MaUatl) oy PG i g, 1) &)

+/u”a(j‘b*,)P(jnjh”]’b")ﬂif'l)»
His easily seen that a solution +o (D-(5) will also be a solution
to thegequilabﬂum stote eguations. 0
by ), U PO, 1 ds i) = 050 0 PGy e A -
Substidution )mfgltld)l awd i‘eﬁﬁa&? a?eao( Jf/:' U E
A

= onps POt dsdd = s PO, o). ()

A ’(Q\U"i“ihg of () gives
) - _ , PQ#L&M}%:&H) P(d\*"li"h'l)ﬂs)ﬁ.‘t)
Hee) = D b PO g Plrhmisge

'\Nh"dﬂ) b\j (*), Si‘m?hﬂfs {o
LN L Pn.)‘ P(di+'l jooh A% 1'1)
,M’L('aq_ = |- PmPﬂ. P(j'ﬂ,,ﬁ‘ i%dq) .

Hence,
) Pm)‘ L. o
7= pape Pl §1) = MGt POt o). (69

Sim?imf«j) b\j ) aund (),

G- el Plarhiuiej
M3 ,J?) I‘PILP'L p(a;”';jiya"nd’ﬂ )

\Nhu853

Pig A

L= Palb P(jn Jards, Qu) = /u'b(ﬁ’bﬂ)P(dnj?.lé'b”)j’f) (%% %)




(Chap. M, Ex. 8 b (contd))

Equakions G) (6K} (429 have beew devived from and afe
eqqu(eer to Equq4‘.0hs W) (N, Egq (D has the desited o1,
and we shall keep it the way 1416, The Lingl equqhom (5),

)
1s fedundant. To see this |, combive () and (5) juto

A P%fﬁu ’o«,.ﬁw) = M) qup(gnéfhéa»w +M9(f)3+DP(3“1?’5#"3"3'
%\j %) and (00) | the ﬁglﬂ—lmnd side equals

Pin Pay 3 L o
[l “PZPz * ! ff’npz] %P(al)ﬁl‘/&%ﬁ‘h =A P(QMMMQ

smce Pt Py = I-p P, - This proves Hedvndancy .
ePnu;:cludlZ/ Hml-u M- 0\26 eqU‘:va‘t’Mf‘ {o the ‘eo”«)wivﬂ
system of equaticns,

N PG 30 = MU0 PGt g 500 ®
MPlguds i) = Ml Pl g0 (™)
Xy Pl s A 1) = M PG st 3 8)
NP3t e = M PG, 30D, @

whete A (1=12,34) is the wean attival fate at @
ecufsive sclution of Eq. (é)’ fof example, gives, for

fixed 4g,4s i N /)

1 gaoﬂluémdw) L (=0, 5-1),

! )T

Plirieis, i) = j
YT N ¢ /) L
P(a’ﬂﬁ'ﬂﬁ'a"\ s} 5,”_5' (31= s’l)sl+/)"' ).
The matginal pwbqbil.‘w of 41, AT poung by summation
over all“pessible 4, 44, 44. ' In genedal we tind

, Pi(()) __L____U"d/‘/;fi)?.‘ (a'L. =0,.., 5. -1,

R = A .
PLO) oo (J,;=5L-_'si+l,...).

I 3Jdi+iom it ma«g;"{oe shiown {that the cond:tioy fo independence
holdo:
Plisintnjo = B B0 BB Gezo,e-agy [
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Chapter 4, Exercise 4
P

'Closed netwoske of queves '

[a] As befote, let u;(j;) = fiM

iFgssy, uGo= som if i > s,
The equil:bﬁuw: otate equaho\ns a?el as follows, ?

(M‘(j‘} +Ml(ji) + ‘*‘/“m(}m)) P(ﬂ.l)d'umném) =
G0 PGl o=, i, o gm + Mgt PGy gt el s o)

+ s 4 Mm(jm+l) P(};/, Jor) im? )] (L_; 0 fori= /),_,,m’, Za»i =n)

Consider +he ﬁoflowmg m eqUal

ions extracted f1om the equfl;iufium
state equations,
o Plide oy i) = Monlj* D Pty 4, s ot 1, (1)
/”'L(j?.)P( d:)’j‘l-)m‘. ]m) = /MI (,'jf"/) P(jy+’l fjl-ly ~~);jm); (21)
/”B(éZ)P(j:ljl)-"l 1"') = /‘A’l(‘]'z.'*n P(dn 'jl”)jf')"'ajm)l ’ (Z,)
M"""( ‘}"1'/) P(j"j’-""’jm) = /"‘mJL(’émJl”) P(""ﬂml)f"[)im-f’) jm)i ((m-l)')
/Mm(am) P(J.I)J'L)‘“;d‘m) = /Am-l(j"m—l*n P(J'I)"'l Jm—f'l) jm_l)' (m’)

It is clear {hat a solytion o these equations will afso be

a solUtion 4o the equilibtiym state equmLioi/zs. udone of
the equaticus cau be omitted. We choose do dis card (1)
New wiite :

I LY = ?ﬁ..h‘i|10;'~-)0) PQné'Lw“"{.‘@hO,...,O)
p(a]i)q’l""é“") = P(h,o;...,U)x P(n,0,~-,0;0,0)x P(j,,h—i.,o,.‘.;OIU,O)
X eoe X P(fn’j‘l)---:jm)
P(én{},,_)...,h—d"jz-'j'—-jm—z,ﬂ) :

83 a similar fewd
Pactor no. 2 on

1L-'w_g and the o(pplicajriom of Eq. 29,
the 11(51/14(- can be ex plessed
PQ;:“%Q;---:W - P(”"””O_I_.'_'f!.o_)x P(""Z’l'o""’o)x.ux
P(”)O)""lo)of.c) - P(n,o,...,0,0) P(h_”l’o”“’o)

- MO M-y MG+ .
MY " Ma(2) X Maln=-jp - (6"”)

Plin g 0)-0)
Pljs#hn=j-1,0,...,0)

) et )
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(Chap. 4, Ex. 90)

Proceeding in this mannes, vsing Eq. (k) for factoting fac bor
no. K, we dedyce

PUidr o ) = P00 A A A )
whete | for k=12,%..,m,
/ n
Ak = m m (igk}" 0)’
M«-:( LZ=k-I 3'4.) Mk-,(iz,,(_,’ii ") Mk—l(ik-/"'l)

MDD My (2) Mk(gk’j-i) (Ek §i2 !).

Cancellation of factors in (%) tesults in

ul m 0 L .i.s-. )
P(jnjzwu im) = [P(n,o,..., O)I'ﬂ‘(-r)] I’Q-L('ag ( Zq’i . :),

whete GG =1 iF 5,=0, Q)= CMLKI),«Ai&'L)--,«x‘.(q'L)]" if gzl
szallg) using ZF’a(d',,a’l,...;jm)ﬂ and substituting the
expiession £ (), we obtain

PG ) = M (0§1‘£$ h,) ()
S i oY L Tl
whese g = {(ﬂfrl)-“;fm): 04 T &, Z.C = n} and
WAL e,
Gl = i -
5. g Bim% jozsy)

The probability P4, 14, jm) has been wiitten as
a pioduct of factois dependent on f,\fo,, fm, TeSpectively,
but the fandom vatiables N, Ny, .. N, afe not inde pendent’
The deason is that the set S for which Eq () applies
is not a dechr space TK T XX T, {8 forinstance,
N,=n, then Np= 0 <o Haa’r,obvzouef‘j) N, and N, eannot
be independent vatigbles.




(Charp. 4 Ex. 9b)

[b] in the genetal model, where a depatdude from Q, with picbabiiiy
Pij goes to Q‘a (= 1,2,..,m), the equ;‘l‘;b{wm state equa’r.'aws e

g, Mg P(in-w{;m) = :é, :L:, M i D p P('{]'ir--nd.f’r";ék"’;-wdm)
Kei

* E:, Mi(ai)Pii P(Jn“‘)jm) . (2)

We shall \Jeibcg that the selution is of the fotuw (1)) that is
Py g = T Q) /g T.Qu), but whete, for some 1,

(L/x .
W et
Qi<1i) = &M.. (jiz s:). =

sl sl
Qubstituhion of (1) into (1) gives

m A m ' m AN QL(Q'L") Qk(,jk*l)
(EQE(61)> ig,f"i(ﬂi) = (I,Qi(ax)) LZ=, {;,M('ﬁk*’) P Q) Gl
K

+ (ﬁ,Qt(}L))gﬂa(éa) Puc -

Cancellation of the commen factor _T__I_‘Qctéi) and the vse of (B
fesu s in g

f (7,) = f Zm {3 Ml x; M +§"_" Gi)
L=IM': ai T = ke _MK Gk"") Pri M Ml X e L“'ﬂi(ql P .

K#L
Hence,
b ('3[1— D g }—0
;:,'“1 1 Mo X & McXe P — P ] =Y
k#i
N'he{ebﬂ

2 P’a%[! - M & P«J = 0. ()

This leads to the fequifement that

2 Pl =poi G m), ()

A sclubion {pux'] () exists provided all queues"commun‘.ca%e,f: ]
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{ Chapter 4, Exercise [0 ‘

" The following wodel can be ysed ..’

0BS! The sefvel gioups have been fenamed : G H, , G, > H;.

For gfoup HI (dnﬂlf Hunks for Jialmg) let s, be +he pumber of
(ex pouential) seivess with setvice 4ote y | and Por qroup H,
(time slots for kalking) let o, be the number of (exponeutial
seiveds With sedvice 1abe p,. The possibility that aﬁ sefveds

W H, ade busy,while a setver i Hy is idle, lmplies s,< s, siuce
a call holding a server jw H, will gt the same ime hold o
setver n Hyo Leb i calls i dialing phase of i wq:hwg pos tion,
and let 4, = calle 1 alking phase. " Let ulf)=qu, i€ § <5,
mg) =g p i fzs )

he equilibfium state equations ave, tor 4,42 0,

(>‘+ Ml(é[\ * lJrZM'L) P(ﬂl)'}l) = (O é ﬁﬁjz < 52)
MPG 132 + MGADPG 3D + G, Pl g0,

(,-'MI('AI)+ 'GzM’L) P(juiz): (§|+'}2= s
NPGE )+ D Pl o1,

Hence +he equq+ion 5

AP L1 = QD P, e (O£ gri<sy),
MGIPGL I = A PO 4 (G L jFhtsd,
jt/"z P(ﬁl)sz): /"‘l(:jlﬂ) P%”)jl'” Co¢ du+jL<z51):

a Solution fo which will alee solve the equilibiiom state equations
Disteqatding the last tedondant equation, solving the ether fwo ve-
QU—{Q;:iCt(j SJ{q'{“iwg With P(O)O), \N&«f&wd

. P(@néﬁ) = ¢ Pl(ﬁﬂ Rijp (0 ¢ §+jeé 53,
wheie U/Mﬂ' N
—-—"— ({:),<§>, ) A j"'-
. ¢ N . 7 /M ) ;
PUY= 1 &b . Pl = S (07,48
’(al) { ;,7!\\2:1!?—5; (5,2 4,45 < 3”) I = a2 %2
The coustant ¢ is deterwined by 0): P(g’,)w =1 [j

EEASTL LN
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LChapwlef H, Exercice [/ ]

'The follewing i5 a simphified version of o wodel ...’

ln the pleseut wmodel,| the customers ate +he fites of quy of thiee
{\ﬂ.jes, going thiedgh phases whose dufation has an exf)oneuml disti-
bution The cdeﬁql[ affwal 1ate s N, aud with pwbab‘.i;w Py
(r=101,2) u fite s b type t A fue of Hype | is charactedized
by a &ingle phase witki wean 7, Tequiting the yse of | fise
eagine. A fise of dype 2 goes dhveugh thiee phases with means
(D), (L), 75(D), vequifing #,1 and | Fiqe enyine(s), 1 espectively.
A fite obdype 2 jas two phases with wedns 7(5) and 7(3),
fequiting L and | fire eugines resped;ge!g.

Tne {ites puss thwogh g nebwelK of mfinite- setver gueves,
ln the figuie, the vatidbles  fodefa. by, by devote nuaibes of
fites i gmwes@, aud the numbers in squate biackets indicate
how wuny fife engiues afe needed in each phase.

0]
P2 i >
), L1l 720,027 732,047
A P2} i, P2 iz P is
T/(3),k2] T2(%), LT
Pyt K, P2 . R

I teality, the network is composed of thiee indepeadeut quevein
systewms with avvival mJ(e?s fﬁ\) P27, Po, Tespectively. The «eHs{’j
queueing ag%*em 15 aw infinite -server queve, Whos€ equ_;lsbﬁuv%
disttibotion, by Eq. ¢427) of Chapter 2, s & = (Cparin]4) & B
The other {wo gueveing aystems ate tandew queves. By Buikes theoiem,
the input o each CoMS‘}iiU eat queve is Ricson, oo that also hete the
state vafigbles follow a Foissen distibution, and, fordhesmore,
the equilibtivm stgtes of fhe queves ate ndepeadent. Hence,

Plin bk h) - CeAT o [pan P Lpp g @ Coanai®Conmon® [omsi™
Bindndn Tl = T i i s k! PR

whe+e, c = exp{— [p,)T(l) + P AT2) + P}l’g’(ﬂ*f’ﬂ'fi“)*Pg,lﬁ“)*'ﬂgh’rg(g)]} )

The distribution of wm = UHip Lyt Ugrky i found 63 conv’eluhwg 4Ly ehe D
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L Cha pter H, Exercise IZ‘l

‘Appottioning the moments of the ovetfiow distribotion.’

@ The equilibtivm state equa-hons Por the distiibution
Lh(4, Kk, k) ate

Catj+i+ho) bl k) = ah(i-1 Kk j= o,/,...,s.-:;)
+ ‘3*'7"(3*"““"0 + (klﬂ)h(é,k,ﬂ]hl +(k1+|)h(d,k,,kz+l) k=0,
(a+s+k+k)his b, k)= ahls-ik, k) ( §=s; >
+ Q‘ h(s) k",) kl) + th(5) k” kl.- ') k”’ﬁ.:o)/,...

* U hls, kit ) + (gt D (s, by, b+
We shall Jetify that
LPPUN
h{j)kh kz) = P(bk) (i\"b (% (%)) (*>

wheie K=k +k,. We begiu b 6‘/10wiw% that the sugqested solution
satisfies dhe equilibdivm g‘—a&@'e Uptions. luseition of the above
expiession for n(j,ky Ky) tuto the fwo sets oFequ:[.‘Cﬂium stete
equqhons , aud a stiaigutforwaid feduction, tesyl¥ v Egs. 3%
and (34), qes; echx}@?g, Which ade always eatisfied. Hemo}
the syqqested solytion is ndeed the 6ot}u+:ow, at feast u

to a factor. Now, it is easily shown that =, . Kk, k)

= P30 by the giveu expiession, ystas it shovld , s 4he
expi€ssion does give the cordect yglve.

B ij definition of a condiional probability, h(} ko) may be expres-
sed as h(jkky) = PL,k) PNk, No= kN = K] By compafison with 09,
thetefore

P{Nl‘—' K, Nf k’zl N= k} - (‘D (%1.)“' (%&)k} (z./)

A bivowial vasiable X with patameters (n,p) has mean EX) = np

and vatiance VOO = npli-p). Heace, EXN = VOO +EX)= nn-N ¢+ np.

By 00, for N=k N; 16 a binemial vatiable with (n,p)= (s ai/0) . TE follows that
ENIN=K) = k5 )

EGAN=K) = k(D (29 + o & ©)

L]

It
52 |A)




(Chap M, Ex 12 a)
[d] By &), ENp=EJENN=1) = E(ND. Hence,
E(N)= 2 EN). 0)

Le] By (&), E(N)= E (EN;IN=K)) = EN(N(N-D(%)W%), Hence
EOND = (FVENY + 20-9EW, (7)

By (1) and (7)) V) = ENM-E*W) = (%FLEN-EAN)] +
EU-HEN) . Hence,

VIND = (2N + Z(1- ZYEN). (2)
'D.‘\l‘nding Eq,“? into Eq. (@), we ﬁ@“{'
\[(NJ g VIN) a;
T @ E(W)+(}_E)‘

‘LEHiwﬂ z = V(N)/E(N) and B = \W’(NL)/E(”L)) we ’()imd)Pof P,::Q;_/ﬁ.,
2~ = pila-). (87

@ 93 (3) aud ), when n=1,

ECNNyIN=K) = E(N,(N-N)IN= k)

K EONIN=K) = ENN=K)

K2 = (k- (L) - k&

=2 (k1)

Hence, EONND = EZ(EMN,IN=K)) = 2(-2YEWNN-N, or,
E(NN = 2= Z[END -EWN]T.

ENJEN)= 2 2 EYN),

83 U),
Thos,
CoulN Ny = EWN)- EODEN)= 3 2V-Ew]. &) [




- 97_

uh%ﬁer H Exercise |3 l

' Ghow that when =8 =~ =a.=00nd q.,=a, then.. '

When 2= 2= =2,,=0and A=, then Eq. (46) becomes
)\sp(j-l) = ju PO (4=1,2,.,8-1),
As Ple-N+2g Pls) = s Ple) (=9,

a P(3-1)= 3 Py G=1.,0-0),
a Pls-1) = (s-)Pls) (3=).

O'f)

The selytion, in fetms of P0), s
‘ i
P(;)= % P (320,40 8-1),
Pler= 5rii=ar, PO

Heuce, and by Eq. .8) of ChaFJrer 5, ifa<s,

as
I -als
P(Q)= 51 a.'?'“ a/-;r, = C(S)w).
W T SO

[ Chapter 4, Exescise /‘/—l

'Consider aqaln the premise of Exercice 7.

For a BCD gueve with heh{oﬁeneous, exponential setvers and

fandom celeckion of server, let Plx,, .. %,k = PIXi=x,,.. Xs=xg; Q=K.
When 7% <s, the equilibtium state equations ate precisely

as in the BCC gueve of Exercise 7, with Plx,. x,,0) feplacing

Bix,.., xe). , |
When X7 w,=s (=l foralld) and k=0, we now have

(}\ + L_Z:X;M") P(X,,...,x5;0)= (f_lxi:s)
(% M) Pyxg; D (%)

+( Pl Xy s 0+ Plx, %%, X, 00+ -+ F’('x,,“.,xs_hxs-l}o)),
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(ChQP. H Ex [4)
tn addition we have the vate up = fate down equations
APULL1 K = CE idPU ke (k=g ). (a)
By subtrachon of Eq.(x%), for k=0, fiom Eq. (0, we detive
(2 ) Pl, ., 6,0 = (QMW>H
M Pl-1x,, %500+ PO, =15, x5, 0) + Py y; %15 00). "
Obsetve that (xx %) is 4he rewngining equilibtiom stabe equation i Hhe
BCC case of Exercise 7, with Ply..x,,0) instead of P(x,y.r %),
We conclude that fos k=0 the colution is the same ae in

the BCC case except for a pro pcﬂ:omq(,‘-{ﬂ constant,

P(x,..,x,0) = ¢ ﬁ(x,,..., Xs) =005 1= 1ye). (1)
8\1 (**'),

PO k) = (2P0 (k=)

siam
Utikzation of (N and 4he dekmition o= il,u‘. (whlization Pacter)
give o
PU 1K) = o P, (k=11,..). (@

Sobstitution into dhe noswmalization equation leads 4o

| = T Ply,xg® + 5 PU 1K)
k=1

08 %x¢s
= = ~ oo .
caﬁ;&l;sP(x,,.‘,,xs) + e P(""")E/?

¢ + c}?(l,,..,l) ,";9?

¢ = (1+ & Pu..n™ ®)
Tave, the equilibiion tobabilities for the BCYD queve ate
gen by ( /(D) and (3) ) whede {Plx,. %)} ade +he equiibiom
prebokilifies of the costesponding BCC queve of Exedcise 7

Hence,
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[ Chapter 4, Exercise |5

'Show that, if 0> 0, then v =& when =0, v > when s 2 [

® = aB(s,a), (8.1

1?‘=0k(|-o&+'s-ﬁj‘;)_ (3.2)
5=0. C’emﬂﬁ) B0,a) =1. Q"j 3.1 aud (32) then, ¥ =« =a.
This should come as no surpfise, as the equilibium state of an
infinite- seiver systew with Poisson input has the Feisson
distibu bion with pafamleer Gmean aud vaiiance ) equal {0 a.

221, By Exefcise b of Chapter 3,

B(s,a)= _aB-la (s21]).

& + a Bls-,a)

Hence follow the 1wo equivalent equations

s+l+aBlsa)= —gﬁ—% (520, (%)
Bls+ha)  ali-Bs+,a)
Bled ey (sz0).  (»
Now, for ez !,
v >R S T/f—o—\——_a >« [bj(’bfﬂ]
a
& STivaBegp-a a B(sa) Cby 30]

& %(;_) > alBloa) -Bls+ha)]  [by ]

all-8ls+ha)l

& =7 > alBlea)-Blo+1,0)], [y ]

As ysual | let p; dente fhe load ou the jHh ordeted seiver in an Eflang
loss syotewn. é) Eq. (318) of Chapter 3, 7, ,,= alBisw) —Bla+a)] and,
= 7; = all =Ble+1,20] (= cattied load with s+ sefveis). Thus, for 521,

vrro & ?é:’p;/(su) > Pew

A ccotding to Messerl; LRTL], cf Sec.d of Chap. 3, B, > 7> Py .
Hence | szl = Z;:: Bi/(o+D) > Bs. The concldsion heu is

o2l = wruw. D
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l Chapter H, Exercise [6 '

'0,= [0 erl of Prieson tralfic is offesed to q gtoup of 10 servers.

The exeifcise vequifes the yse of the Equivaleat Randow Methrod.

The case s destiped by Fiquie 4-8 for n=1. Offered loods
and sefVef giovp sizde ate :

Parte @) and (B) - (5,,0) = (19,10), (s,,a,)= (5,5), ¢ 4 be calcvlated.
Pavt (): (s,0% =

nar) = (10,19), (8,,0)= (5,75), ¢ as in (a)y b
[a] The valves of B(s,a,) and Bley,a,) may be tead off Figufe A-i

in the Appemd‘.K. Exact values oblained f1om tables of Hie ficcon
distvibition o the Ef{awg B-formula are

B(s,a,) = Blo)l0) = g2/5.
B(sy,a,) = B(5,5) = 0.285 .

For the +wo plimary gioups, the wiean and the vagance ofdhe

equiliovium state of an infinite-setver backUp gieup aie, by
Eq% (%17 and ('5-7-),

&= 215,

| 9, = 135
o= LHZ, v,

2.34.

wow

Hence, the 4otal oveiflow is chatacterized by the parawete(s

A= &+, = 357,
T= 0+, = 6.69,
3 = /o = 187
wheteby
T=w+826N= 16  [by@m],
5= ;S;-;*jl_d_, =96 Loy (7.16)].
Hence,
s =[5] =q)
@ = ‘iii‘z’j_‘;ﬁ;/l: I Ebj (iml.

Thus, (s,a)= (4,111 define the eguivalent tandow Sjsfewv having_
the appioKimate overflow chatoacietistics o and’o of the
fotal overflow Lo 4he dwo primary groups.
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{Chap. 4, Ex. 160.)

When the o\leiplou_/ foup has size c, the loss amoug the
ovelow customers (Lowm the equivaleut tandowm 34ouf% is,
by (7.i%),
T = Blstc,a) _ B(3+c,It)
¢ B(s,) B(4,11.1)
@8 Figote A-1, B(9)11L1) = 0325 Ths {he fequittment
T, < 0.0 +yanslates info +he coudition

B(9+c,i/1) <0051% < B(Q+c-1,111).
From F;ﬂuw A-l we obdain
BU7,111) = 00259, Blle,lll)=00%08§.

heuce, our estimate of the necessaty capacity , ie. size,
of the ovefflow gToup becomes
c=17-5 =4, (1

co-ﬁesﬂome_i to au estimated los6 on the ovedFlow custom-
e{s eqbal +o
BUTILD 00159

Mo = AN T 0w 0.080. (2)

[b] The estimate of the lose i 4he system as a whole s,
by (T.04) Do
L ©ore aBlsre,0) IIBUTILD 0287 Dold (3)

o, +a,  lo+5 T~ 75 T XX 37

lc] Afber wucteasing the loade ou the priwiaty gieups by 50%
e new offeqed (o({gs wil be q'f= 15" and u§= 75 We “singll
eotimate the losses an the overflow gtoup as well @5 the systew
05 a whole assuuiing the old sefver feup sizes | 5210, 8= 5
and ¢ =8 To 'beﬂm) the loses on the piindty groups afe, oy F:;.A-!,

Ble,qm = BU10,15) = 040,
Bls,ap = B(575)= 0455,
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(Chup. 4, Ex. lbc)

The culculation of qu appioximate equivaleat fandom aqstem

proceeds aleug the same lines as i patt (@) The fesuits
dfe as dellows

wf =615, Uy = 125,
*Ky = 3410, vy= 5206,
o* = O(T +o&'§ = Q!;E,
Tr= g el = IGH‘?,
2Y= vt = 179,
O* = v* s BNt - 205

G (R* +2%)
= e matl = 117

»
R

)

o7 =81 = Il

or= (9‘+v(*+/)(o<"+z"—l)

N’ g

TWS, (a%u® = (11, 146) debine the equ:mlem Tandoul ©gstem
haiing {he appocimate ovedflow chatacdtenistics a* and o* of the
total ovesFlew p*rovn the 4wo P{Imafé_ (1/0()?5) qué'/r the 50%
incfease i leads. :

The estimuted (os0 an the ovetflow 1000 19 inow calcufated
to, ion} the yoe of F:(juf@ A-0 ia dhe AFPQWJ;)()

T* - Blor+c,a*)  BU9,19.0)
c Blsta®)  BULIGL)

0.i79

01385

il

0.369 (1)
and the estimatred oo for dhe 6\X€,f€vm as a whole is

T - a*Bls*4c,at) 136819, 196)

ar+a? T 15475
- 35
27.5
= 0./56. (5)
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| Chapter % Exercise 17 |

'Risson_trafhic totaling 10 erl is offered +oa qroup of 10 servers,

primary qToup overflow qToup

8, =M= 5— R S

s, = 10
Q= M/t =5 sl OV >

Total overflow

As ina similarcase in Exercise 16, the total overflow from
the Pﬂmm%%ﬂvup is chatacterited by the mean and the
vatlance ot the equilibtium stabe eg a fickitiovs nfinite- seqver
back—up group, equal 4o

X = (a,+a,) B(s, a,%a,) = 215,
9,49 A
¥= k(- + m) = 435,

High - Pw’ioﬁ{“q oveTflow

By Exercise 12, mean aud vatiance of the high-ptiotity
overflow streamr ate , Tespectively,

Q
o(lz a,+101°L =9 8(50)Ql+02) = I‘07)
_ 9,2 4, g, _ )
o = (31‘;"0-2)19’+ W('"a,wz)“ = 6.

Equivaleut sandow systeum

The decision on c will be based vgen a calcvlation of an equi-
valent raudom cystem (s,0) whose overflow has approX imately
the mean and +the vofiance of the ovetPlow stieam of high-
priotity customeds from 4he ptimaty goup. Fist, we cq[ci?[%@

g = v /o= 1.5,
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(Chqp B, Ex I7)

As a Brst appioXimation wWe calculate

a= v+32(z- = 393 Cby (115)]
R e I RT3 Cby (716)]

fence, by (T17),

(L8] +a,+N o, +2,- 1)
X+ 2z,

Q= = 3’72

]

so that the equivolent randow system is described by

(S,w) = (4,371).

Calculation of ¢

Our estimate of the |oss of h;gh-pmm‘g custowmeds on the
635Jrew1 as a Whole 4

a =

I 5

The smoallest ¢ meen‘mg the ¢equh'em&n+ T < 00! theretie
must sahsfj the inequalifies

T-= aBsre,a) 370 BH+c,372)

B(H+c,372) < 0.0134 < B(H+c-1,872)
By Figure A-1,
B(9,372) = 0.0092, B(8372)= 00123
it Lollows +hat the size of the overflow gtoup shovld be
c=9-5= 5
For which
M= 00068
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[Chapter 4, Exercise 18 l

i i .
Cengidet the Eclang loss systew with ‘nqpe{ex ponewir:a) sefvice fimes.

Let i, be the number of customers whooe setvice 4ime s expowewhaf
\NNH mean /M"‘ (With ()TobaEilH‘i Pl>l and let i be the number of
customess whose sedvice i io expovential with mean u7)!
Cwith probability py. Let P(j,3,) dencte the equilibliom ptoba il
that the state of the system is (j;,4,). The comsefva%on—og—
Plow equations afe-

(np, + AP+ 4o+ jup) Plyig) = EPRIANY,
b Ap P(g,—i?%;)’+%PZP(QI%|33f1) it
+ (a"ﬂ?/ﬂ'i P(Z};*’;jq) +(ja.+'l)/”7-’p(§“§l+n
G+ dopa) Pl i) = 0, P(éI—J,/;,L) 2Pl (Gtge= s).

From these equations we extiact the Qo[(owmg two sete of equations,

APy P(‘éﬂw = (élﬂ)/”; P(j;"‘f;gﬁ (0<= 51"32‘5)>
A PG = Gt Pl dar1) (0 j+jats).
Tne solution of the above eQUq’LW‘é; which also is a seiution
O‘F ‘l’l"e e{?u?“l}‘{:l}m 5‘t’q+9, equa%ic”s) is
o (%PI/MJé' (7‘&/”1)3"

[ -

PG = T T e 08 gente)

Jt ‘ﬂotlowg that the e,qu}hHEUWv io/wbaioi(ifﬂ that a“roadher
4 (= §1+40) costomers will be in setvice equals
Drpd + i ]*
PR
!mhoducimg the uynconditiongl mean sewice 4ime by

‘Pj = Z P(g"h éL) =

jl+j1.’i'

<0é3~gs>.

L _ B P
AT T
it s feadiig veitfied Hiat
(7\_//«()’/3‘!

/{
L= -_ L

s v k!

K=0 | L]

<
%]
o
[
n
~
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| Chapjter 5, Exercise ! I

'(PJ Burke [1968, unpublished].) Consider a birth-and-death plocess...

Cousider the Matkov chain of states ‘nmmwf-‘a%elﬁ followting
eveuts , wheie an eveut is either an arfival (cavsing a chavge
of otate) or a depattvie. Deuote bj Ei, E,, B, three sich
consecutive states i sfabighicgl eguilibtiom.

For each 420, by the Majkoy popett
! b propetty,

P{ Ei;_: E. E = Ea}} = P{EL,= EQ‘ ) Ei2= E. E;_: Ei}

3+l iy 3+
* P“:_zf Eioey Bi=Ejan B2 E;)

- P{Ei.: E; E,=§ i P EL; Eg | Ez[ Ej.;}

i
-+ P{ E;-;= E§+Zl E~‘2.= Ei”']’ P{ E;_:,: E’l Ei;=Ej*l}-
Now

PLE,= B BB 1 = 2T,

P{ ELI = E_i ; E12= E'}-H} = —z'_' i,
PA El, = Ejm Etf Ejﬂ} = éTT;‘_

The fitst equation, for instance, holds because with probabilit
Yo an eveut is a depqﬁLuw,, and the couditional prebability of
depattuie state E; qivena degaﬂme) equals TX lnsetking
these expiessions and weiting PAE, =EE ~E, 1 = P{E;, > B3}
we obkain, For each 2 0,

T =Ty PLEL ~EY + TLPEL~ B o

Clemltj, B

SE V= HMin

PUE ~ & = s

awd,bg (%3),
TT@* =T
i

fﬁd <01, By svbstitotion of these expressions nto (%),

and TeJuchon, we find

Ao T = AT (= 61,00, Q)
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For a bitth-and-death process with n souTces, sippose

the arrival Tate in state ' (ED), §= 0,1, n=1, depends on only

the & Merence n-j; ie. hj[n] = f(n-a'), whete £0)> 015 any fumekion
By (1, Aj+,[n]77;D11J = T ] (1=0,n-D), and as Ajulnd=Fii-3-0 =2, -0,
Xj[n-l]'ﬂ;[n] =/A3ﬂ'[5,,|:n] (3= 0, ly.oyn=2). ()

By Eg. (315) of Chapter 2, the outside observer's distribution
in a stfrrlem With n-1 soutces will sa-h’sﬁg

2ln-11 Bln-i1 = My Guln-11 (= 0,1,...,n-2). 3)
A compafison of (2) and (3) leads o the conclusion that
Tilnl= Bln-1 (4=0,1,...,n-1) ()

for any fvite~coutce bitth-aud-death process with Xl = fle-p)
and /ua->0 Lot j >0.

Chapter b Exercise 2

'Burke's theotem',

"For the M/M/s queve in equilibtium, the sequence
of setvice Oomple'HOW epochs Pollows @ Prisson process (with
the sawe parameter as the input process); thatis, the avtput
pfocess i s‘m’ﬁshcallg the sawme as the input ?focess."

LetT, and T, be twe arbitiary consecutive sefvice completion
epochs. Define F(t) as the, pfobability that simultaneas Iy
T, > T+t and +he ‘nUmber’of’ customers in system gt T+t
equals j. Let uGd=gp if jio, u(P=spu if 3>o

(4] E(t+h) = F(OLI-20] + o(h),
Et+h) = EOL-OpDhl+F Ok + olh)  (1=42,.),
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(Chup 5, Ex 2a)
Hence,
d?f(t) = A (),
E%i) = Ol Ky + 7‘!3__,&) (=42

wWith iaitial condidion F(())‘V for j=
Itis eusily found Hhat HI=T) e 0N vetify
that the complef—e/ solytion is

2. (1

*‘t
RO =T"e™ (tz20,5=02,

(N has been shon Jfo produce the fight answes for j=0,

and it cleadly satisfies e m:hm ngd fien for }— L

Thoe it femdains +o demovstiate that dhe e Vadion smi.s-fes
the difleqendial - di Hetence eq vations above fotr j=

bu%)i{r ‘f()+ oy ’F a7 vato Hie agpio o1 A“’?/ J:#‘(@(&M%Gl d Pfefemce/
equation aud some simple- cdlcelation and feduotion yield

ﬂrjf‘, = ,m@) TT‘-} (é = 0L, (2)

Tha‘r this eqn)aﬁon holds can be seen by mak: ing the sybstidvtion

V- which ftSUH'é in Q Czot’Cw%( cqse, of Eq. (l)cf Ex. (l)
of mqkm die substitution TT‘J F; witich fesvlte v the con-
be'f\}d“hOM of -flow ¢ vation AF M(J)? 1=0Z,.. . \UQ can
theselote conclude that our E({(/Q“{'IOI/) (1)) ,w(/eﬁd(' %'«Jeé {he
desited Piobafo H_ﬁ» F(+> fov all %awdﬂ

(6] Let F®) deote the probability that T, » Tj+4; ihatis,
Fl = P{T,-T, >t} Q)_j W, and Hhe Jefm.f on of F (ﬂ

F(t)

it

Z F(t)

'\“Tr * "‘t
30

= e"“é. 3)

]

uS +h“ THné bﬁp&{ujm 1wWo successife u’e)m’hﬁ% 123 e&pan&mm“j
J‘:h’:bu{’ed with the sdme mean as the interatfival {imes.
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( Chap. 5-, Ex. QC.)

Let x=T,-T and let 12_ be the nimber of customers
left behind by the departuie’ atT,. ln equiliblivm,

P{ a\; i) x> t} = ngﬂ(x)/,f((j +) dx

S HGITL [ Tay )
= ﬂ%ﬂﬂé: e
- Ty o Loy )]
Ths,
P o) = Plemg Ploth )

which means that the leugty of the m#efdepm#u{e wmketval x
and e nomber of customess i the sysiem oF dhe obart of
the next wmtetval ate Imdepeudem— vdfiables.

Denote by T, the depaityse cpoch subsequent to T,
B‘.é the Mmko:% PioPeHj

PIT-T7 ¢l 4,=3, T T = ad = Pt 33, )

By ) T,-T, may depead on T, T, ouly Jélmggh 31‘ But,
by (1), T,-T, is ndependent of 2 Hence T-T s sndependent
o T,-T,. A extension of s Gaqument teads bo Hier
conclusion that all the juletdepatfuse wterval lengths

U

oie ‘md‘epemdéwf vadiables

Rewaik.  Nowhede has the patbicular form of e {onction
/‘4(}) been voed. i+ i woith woj(iwg {hat the whele live
of proof ap?hes to any bitth-and-dewth ptocess with
bitth vate N, =n Lov all 120 aud deabh Tates M= 0
and M7 0 fof 521, Where dhe p and Hyo ohly weet
the condition Foir the existence of i %U;(ibf;u‘m
distii bution. That is, {he oufpdt precess 6 a
Poiosom process wWith rate A also in the 8%7@4@{ case,
ot ot Lot an M/M/s queve. o
_
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fChapx"ef 5, Exercise 3 |
[ j

‘Splve Exercic:s (£ of Chapter L by evaluating the inteqal

1

e S

It 15 understood ot

=

(%)-‘- P{-I*é i

= fRly-xdR .

Fo@ = PLR& o}, Falz) = PLAS =) and

The randow vatiables R, and A, ale fof wald

an'd backwatd 1ecuifence time o €, tespecively; Ry and

a1e inde pev dewt Jo

aubfes 3 Q'ﬂd If = Rf +’At‘ ﬁg(al/ ‘quf

-2z

FACTE (220),  [byEq (&%), Chap 2]
Sy ~A% 2 .
Lo =T 08 a ), ryyEn (58, Chapd
F‘\{.("’" ! (z24) by Eq. (533, Chapl ]
HQHCE«) {“ = ; /5[! ~)(§5‘X)J FL)
Cy- =y [I-
E,( -.«}‘ {»rqt(g x)d f—;ﬁ(x) JLi-e dAkx .

E

v
r+.
BT
L
~—’
H

4 2

Thus,fofa!l\j)

it

Yo ags . -
Sot_:—e““jxe“dx

2y

[

[ - ™™ — ?\j e
t A=K gAX Ayt -t
{ [1-eM g™y + [-e™ e

= = o™ - yte TN

- e ™ —aminly e ™.

Chqpker 5, Exetcise ‘fJ

"Led N be o nenncsative, inteqes-valved tandom vatiable ...

L N
Yy =

o

i

o0

N o .
(Te®tqFly = 2 e % PIN=4}
0 3=0
: o o
= 3 PiN=3}(e9)¢
i=0 7
0
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Lchap{“er 5, Exercise 5'|

'Consides aqain the premise of Exercise 4 of Chapier 2, but.'

X, i=12,., is a sequence of independent; ideutically distiibuted
nonmegahde/ vandow Vatiables with distuibulion fouction

F(£) = "P{X £t} aud Laplace - Shielties transfotm ¢lor = S:"e's*d .
Nis a nouneqahie, aMegef-valueEs faudom vatiable with geveratin
fonction 4(2) = 92 PINTn} 2", (X3 and N afe inde pendeut

(6] Let 8,018 N=0, and Sy~ X, if Nzl Cleatly,
PLy Y = £ PIN=-n} PIS ¢t} = & PlN=n} (D),

whese B0 =1 and E,(f), nzl, s the n-bold convolytion of F&).

Thus, letting yio) denote the Laplace - Sheltjes Hansform of Sy,
y(s) = f et PG < t]

E PN=n} (e a )

5 PIN=n}L[¢]" [y (65)]

g(d).

[b] 33 d:fpefewjr;a*iwg v twice we obhain
Yi(S) = glgie) ¢'6),
YAs) = g(is) () + g% 412,

As ¢(0)=1,
Y 0= gq'(N 90,

0 = g’ (NY"(0) + g [¢l)]?
Now, g/t = E(NY, ")) = E(N® = E(N), 10)=~E(X), $"0) = E(X®),

Hence,
y(0)= - ENEX), )
and y"(0) = EMEX®) + LEND -EMNTEXX), whefeby
pr)= ENI N + E(NY) EXX). @)
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(Chap. 5, Ex. 5)

Mean and Vaiiance of Sy may be defived f1om the Laplace-
Stielbjes transfoim as followe

ECS) = — (0,
V(S,) = E(SH - EXS) = y ) - Ly@I*
By ) and (D), then,
E(8y) = ENEX),
V(8,) = EMINGO + VN E*X),

Chaptefr 5, Exeqfcise 6
p

''We shall show wn Section 5.8 that ..

"W the M/G/! queve With sefvice ofdef of arnval has
LaFiace - Stieltyes tansform w(e) = f:"e‘“dw('ﬂ qiven by
, _ s(1-9) :
w(e) = g T-m@ (0
whede mis) = (:e's"d HW) s the Laplace - Stieltjes transform

of dhe setvice-time dist4ibotion fuuckien HE), with wean
= {TtdHb | and o= a7, wheie A is the atfival rate .

[@] We shall determine the wean wait from the felation E(W)=
- w(0). Dilferentiation of (1) fesylts in

£(e)
gis))

wis)= -
whede
£(g) = 7\(1”?)[| -me+ 5*)1’(5)1,
q(s)= (s - alI-mD"

Observe that £(0)=0 and q(0)=0. Howeief, w(0) = limg,, w's)
can be evaluated by a double application of [‘Hespitals tule,
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(Chap. 5 Ex. 6a)

Fitet we calcylate

f(e) = ?x(l‘?)s'r)”(s),
q'(s) = Z(Iﬂ'q’(s))(s— A[l-fq(s)]),
and, since £(0)=0 and 90) = 0, we di Heretiate again, obtaining

£ = A=) ") + A(-pYs N s),
g”(s) = 2( +7\'q’(s))°‘ + 2)\77"(53(5-)[1-7](5)]).
HCMCG,
£70) = A=) (r2+ 6%,
9"(0) = 2(1-0)%
whefe 6% i the service-time vafiauce  and we have veed that
@ = A= —o. Finally, fram EON)= —a'0)= f0)/50) - 0)/g'0)

EW = 7855 (1 ). (2)

[b] Wheu sefvice ~times afe expenentially distsibuted with mean
M7 then the waiting-time distibokion function W) 1o

(0 (t<0), ,
W) - { l-?e"u"’wf (t200. )
Thes,

w(s) 5: StWm
e P =0} + . et W)
(I-Q) + (!*9)7\ f;e'(s’/‘ Myt

S+M
(l—?) S+U-~A

[

i

This Tesylt is 1n g dee ment with Equation (1), siuce iy the
case ot an exponedtial seqvice 4ime distiibution, we have
Nis) = /«4/(’1/; +5), o0 that (1) becowmes

N 3 -p) _ S+M
w(s) = = - MAM*SYT] U_?)Sw-w

0
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| Chapter 5 Exercise 7 |

'Show that if G =1-e i (79), then F(x)= | - e ™

Since +the interelent +imes have +the expovedtial distdibu-
+ion With ePafameJrer A Q(g)— | - e‘7‘3) the wmean of
he interevéut inteqval ‘.s

= gde(x)=7s !

} (79) +he equs(':b{'.um fotwald fecurfence +ime has the
dlo‘HlbU‘hOH

F(x)

-'(;5 [1-6(8]dy
7\3 e 3y

= |-

which is the same as the distibution of the intefeveat Hmes.

| Chaptel 5, Exercise & |

"Ven Py FEquation (7).

The equilibiium forwatd recurtence distiibution Fx) is given
by (79 and has the L-alolaca G’r,elrJ65 t1ans form

e = & X2 (710)
Hence) 7ey = : syte)+1—y(s)
¢ (5) - s2 .

Since. both numerator and dewominator equal 2eto for 5=,
¢'(0) is evaluated by L’Hospn‘als Tule.

e - 1 sy +yia-yls) i yMn ) pr+et
$1(0) & lim e -- 3.0

s-)o

| +

As ¥ = {xdF0O 15 detetmined by p* = - ¢10), we have

B 2 )
pr= =+ g—{; . (7i%) ]
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LChqp%'ef‘ 5 Exefc:se q 7

"o Show ot
[a] - Define R, = Tt I TW Ty, whese T < 4T, for

Somes p As:n)w.e 0<x<\j
For 9 iven 3 (6—I 2,..) and f: we' Jave.
t-y+%

PIT <t <T,, Ro¢ x, Te g} = S_ L6ty -6(t-1IdPLT; ¢ 33

’+’§ LG40 - Gt })JdPﬂ;sﬂ

(£-y+x) +

The formula is ¢ 6\»1/5?'&/ coMsegYEnce. of the fo(low.ng cbged-
vatious: (1) 18 Ty S toyor Tyt thew the eveut (T4 CECTL Rex, Tesnd
cannet occut (i) H— t-y<T st~ Y, then the euevﬂr will occor
if and omly .F t- T <To¢y, G If t-3+x<T Lt thew the event
will eccut t?awd owt IF 12T CTp4 t=T+x. For =0 we have
TO—U $t-y, sothat, blj () the pdobqb.lﬁrﬂ of the eveut is 2edo.
Obuisvsly - P{Recx Iﬁj}—-zw PAT 44T, Resx, Tué g

Thus
PLRS % Tessb= £ 1 e ae p1apim o
Fesy

+ 50 et -0t 3>]dP{

=l (E=ye0 + .
: (0 4 »( < 3 44:)
6] Since m(3) = ,‘Z‘f P(T; g;ﬁi},f
PRsx, Toty) - g'[c;g) a- 3>Jdm<z>+$ (60619~ gmt)
e m i e s T fEeyAR)E e )
Ldfmg 1'->oo and uem_q I.m%_) a(m(}) (L) we obhm
t "‘X

lim P{Rfsx I 3‘1 5 [G«p G(t })]d}
t>

+. ;', 5;, [.G(%_,—}*x)—G(t—S)]dZ.

(E-y+x)+
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(Chap. 5, Ex 9 b)

63 the substitution t-3 -3,

lim PLR, %, Ty 5y} = 4 j_x[G(ﬂ—GQﬂd} + %] tes-aolay,

li::lo P{R{_‘_(_.X)Igf—-y} N £ )

t 30
which by {utthes Tewﬁ%:wg becowmes
v A } v
liw PAR<x, Toey) = 5§ Geay ~ ﬁjf_xea)d}
. , X
+ 716wl = 5 6l
Hewce)
X
'5[@(3)—G(§)Jd} 0sxsy) . (720)

EI %\J seHing x=y ih (7.20) we find
lim PAT <y} = # {16 -GN d}

1> ) g
[ety -6,

il

|

| 3d(6y-60)

N
.|
T
whe{ebg

‘ y

bim AT, 4) = 71% }, 34608).
%3 diffecentiation with '{Csfed to y and the subsequent
sybstitution y=x, we de¥ive
lim dP{Ifé,X} = {‘lg xd G(x)

+> 0

ves the equilibtivm Ip{cbql:ii:"rj de“swé of the

(709

whieh
covedivig intedual. ,
tie Zate0 Wol ¢h wojﬁmg that 53 se*fémg j=oo  (770)
we {ind again
FOO = i PRS ) = £ ¢ L1 -60Tay (79

t x
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(Chap 5 Ex.94)
[4] We shall prove
X

Im PRAXIT=yd - 5 wexgy. (7

Fiqst (720) i Pfolen undet 4he asgumP{mW that G(%) has

a disceabinuity peint af %= vk ’
Obvigusiy, in 4his case,

QTMP{Réﬁ")I{.:g}

lim P{I{fyﬁ

tro

!Em P{RtiXiI£=y} =

. i x Ay ; dG()
lin AR Lx, T = y} = ) dGipd} = 22
and Se‘H}yltj X =Yy in the wbove eun:au we desive
) T - 2{1@(!)
i ATyl = =50
Sobstifution of the lgst 4wo explessions into (%) proves
(7.2 in the discontingovs case.

Next we preve (721) yader 4he aeéum(hon +hat G(Y) is
tentinvous and di Pletentiable at % =y. Then

L, PR xTTim g = Jim PRy y € T < ymayh

lim PLR, S,y € T, <y +dy)
= o (% %)

lim PLy ¢ T <yrdyd

Bj (7.20),

T+ *dG dGy)
i PURSx, y ¢ Teydyh = (5] Gat)ay - 2 .;ﬂady)

and bj 56Hic13 x=3 i ‘H/]‘»s e(iu(;“.'on we fiwd
: _ ¥ déy)
i.)n:o P{\jélﬁx_ﬂ'dj)} = o —a'jj-d_\j.

Substitution tato (x%) once wote. Tfesy(ts 1w (72])
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(Chqg. 5, Ex.9e)
le] The equivalepce of (720 and (721) is established by
the following sequence of partwise equivalent equations leading
from (7207 4o (720):
i RS x, T,eyb = 55,16 -C0Ia3  @sxgy  (720)
lin d P(R< X, T ¢ ) = 7 dGlydx (0 £x<y)
1':1 dPIR X, Apeyh= 5 d Gy dx
lim PR x, Ay = f [, 5 dGGrpd3
i PR, >, Apoy) = -'5 S:EI—G(E**g)]d}

fim P4 R’£>x,A+> yJo= SWEI—G(%)] a3 (722)

Observe that, by ('7_27.))%@ P{ob@bi[‘\% that evther R =0 o
A{-‘- 0 i zefo, since L}’@ P{Rgo, A>05= -{Lb $:’EI-G(})J0(3=I.

Su pose now the fenewal f)(ocess 15 @ Poisson process,

thab d) G = 1 — eP3 Substituhng G in (T22) ik is
found dhat
llr;‘o P{ R£> X, A£>37} = e’ﬁ"{x+3) ()
Now,
b PR 3= Ly PR x A
= L)_)v;g P{&’X,A*?m) .
By @, .
lim PlRoxY = ™™
Similatly,

lip PIAS g3 = ety

As Iti;/v; P{Rth() Ay 37; = l-,,;:oP{Rgx} lim P{Agy}) the conclosion is
that R and A, ofe,in the Trmit, inde gondent expenertial vadiables,
y \y ) ) 4 p
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I Chap{rer 5 Exercise /0|

! i )
Customers arrive ata single sefrver...

Blocked custoemers cleaded .
G(‘E) = lﬂfefa'{'ﬁ\lal “'WVI?/ dasﬂnbdhon ‘PUWC‘hOH
H(Jd = 56{\/166"{:;446 d‘s{’{:bUJﬁan '{’UVJC'}IOH
F(x) = cycle-time distsi bution fqmcﬂon

(@ FGO = § PIR,< x- £} dHe),

Whefe t=( |5 the ﬂme, seflice stafts. Bﬂ Eo] (7!‘0)
Foo = f ( [ [1-Glx-y)1dG6*y) dHet).
lnw‘e‘rahawgmg the ofde{ o?.m‘egfqhon and - svmmation we dind
o0 X X i

Fx) = f.:, {0 f, [1=6(x-y21d 6™ dH(). - "
Heuce forth we assume HB=1-eMt (+z20).
(Bl Substitvhon of dhh - de gt aud change oup,e order
of uﬁeﬁ'fa-f'.on quvef :
F(x) = Z S [1-6x- y)]{ ,qe’“ l'dG*é(g)

Hence,
F(x)‘ § [1=Bx-pIT1- e 1d G4y,

By d:WeremHm‘;on wat x we find
AF60 = ST1-6010-e14 660 - £ G-y lI-e 31 d Gricy).
With GO)=0, this expfession can be w-ﬂ}d‘en

dF60 = £d6mi00 - £ emaqtion - £d6 0 + £ a8,

whe{e

dé}(x) = {:d Gx-y) - e dG*;(y).
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‘{’Chq? 5 Ex. 10b)

Hence, o
#lsy = § e FGFx)

T oo . DO oo .. .

= 3 5 PR (I 5 e-("wxdGﬁ(x‘)
=1 i=1%
o o0 . K x

o =8X , N H(HD ~5% 4 A
Z, ¢ 7 G + & TG00

nttoducing y(s)= (760 we defive

00 i =0 . 0 ) - 0 ;
P(s) = Gé’ [X(s)_i’ - ;;_:i[x(sw)y - 2'::’[:?\5)]} " qu x(s)[y(sym)]’;

ax

which teduces +o

Y(8) — yi{s+m)
| - X{:s-w)v (2)

~ 0o - yieo) (5+m)
¢1s) T= G U r(s)) U—_Y-YW
The mean cycle fime o is given by a= = $10). Thys,

I A.0))

¢ls) =

Evidently, the equilibtivm probability P that the servedis

busy equals the fatio of mean sefVice~time to mean cycle-time.

Thatis P= 7/ By (B,
P = [-¢(0pul ™ Ti- g0l ()

E B\j Eq. (IH) of Chapltes Z, the bieckiwg p{obab}fifj is
= EMN/U+EMN), whese N is the numbes of attivals diting
a fandom seqvice juitiated by an attval ot qu idle served.

N is the numbed of failvres in 566@0%(@ of Bernoulli Triale .

A Pailuie is 4he occutrence of another atfival behse oetvice com-
pie{'eon aind has pwbabilii’g g= i—P: ,(:’e,"”td(;(ﬂ =y, Thqs N has
the geme’m‘o distiipvtion gud E(N) = (;!/P*— X(m/("ﬁ/{/‘» Hence,

M=y, 5)
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[f] Equations ¢ and ) imply
P=Cl-yOul"[-T1. (6)

Itis easy fo see that P (=F) equals the cartied load. Now,
—y'0) is the mean inferartival dime. Hence | letin
= mean artival tate, 2 =L-¢ 17" Thys P=ZU-M. That is,

%o‘m:e;? load (P) equale o ffeted load (%) hme,s)accepﬁznce piobability
-.

E Sulop%e GWEY = |- & Then 3/(5)= MO+,
d

8y (®) and (),
- A
- X+
= A .S IS Y G W
o 7,‘—('——”)—/&4(, )\4./“ - >\+/“
lu 4his case thea, () P=T as anticipoted.
gﬂ (),
Lol = (@ -yl ST TR _ A
| = ylstm) | = —A A+s  M+s -
A+5+M

Since () is the product of 4wo Laplace transforms of exponential
distfibutions we can couclvde that statewment (i) is trve.

[n] Suppose. interatdival times ate of constant length 7= Then
FOOV= 1= ™M™ (jrex<ysnr; j=01,2.),
and o0 o0 . R .
o) = { e XdFx) = & ™3¢ [e M oMiT]
0 i=1

8—57"_ e- (r:-l»'M)T

oo R
= ( . MT_ «— —(6+)T Y
(e. I)F/[e ] | — oGt -

We wedid get the same fesylt from an applim%an of Eq.(D).
n the gliesdewf ease, y&)= (Te IGWH) = e 57 Sybstitution
inte (2 \j.a(ds the formvla above. u
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' Custowefs afrive accofding 4o o fenewal process ..

[a] Suppese the atfival stream at a seiver is a fenewal plcess,
and that serlice times ate exponential | and blocked coskomers
ate cleated. Let {T;} (4= 12,0 denote the fesultant sequence
of ovetflow epochs.

Ty~ T; is completely determined by (i) femaning Service
time at'T;, (D) the sequence of futvie” sedvice dimes, tidd the
sequence of {ulute interarrival intetvale. All these yatiables afe
independeut of the piocees up vntil Ty, and alse independent of 4.
it Lollows that the sequence of interevent intefvals {Eﬁ,,—Tﬁ (712,.)
ate independeut, identically disttibuted Yandom Votiables. Thatis,
the oyeiflow stieam 1o d tenewal process.

We conclude that, under the 0ssumptions of this exefcioe,
the oveiflow stream fow the th otdeied ©ener (i= he,..)
is o fenewal process.

[b] Let Gyt be the distabution funclion of times between

successive ovef flows from the v#h servetr. Choose on qﬂ,-,ffw
oveiflow epoch of the idh setver. Let X be the time until pext
atrival Cie. oveiflow from the Gi-nth sefver), and let Y pe the
time vutil next overflow from the ith cerver Then, forx <t

PLY £t X=x} = ™ + (1- em)G.(t-x),

with G,(0)= 0, which implies %-L(O)=0. “This is s0, since
Por X=x +the eyeut ‘/gt Will occyt if ) sefvice is com-
pleted after next atfival (x time unite later) hating pfobabi-
lity e or if (ii) seflice ic completed befote nextatsival
and an oled Flow from the it eesver takes place duting the
time interval (x,t1, haging plobobility (1-e™X) i(t—x%.
Obsetve that the +ime from statt of setvice yutid uext
overflow from fhe i servesr has the same disttibotion as
the intet-overflow Himes of the oeives.

Cleat fj)

P{Y<t) = f;P{Ygle=x}dP{ng}.
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Now, P{Yg t} = Gi(t) and P{X ¢« = Gi_,(x). Hence,
Gt = ff[e”qx-'- (I-e™) Gi(f—x)]dGL_,(x) Gi=12,.) )
0

as assefted.

Vi flesentiotion of Ec{. (1) leads 4o
4G, = oG, (0 + f (- e™IdGit-x)dG, 0.

1t follows that
o= [ etaem

0
o0
= | e MG
0
o

+ e dGAt-x)dG, )
= e (a6t x) e G, 0
S:oe oty G, (1)

$°° 4G, - S &G, ()

- {6 | e ~stemty g (O

-+

Hence,

(i(s) = a/‘._l(s+/4) + n(s)y‘._l(s) - J/i(S’)ﬁ—r(s*/“))

from which is obfained the fecvifence equaﬂtian

ﬂ.,(s-f/u) (L'-] ’2’ ) C’L)

A = Eyarew R
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"The M/G/| queve with servet vacation times.'

Let P(‘Q be the probability thet § customers avrive duting
q smﬁle, atbittary vacation, and define

fa) = 2, PG et

Let X deuete the number of customers (X 21) who afrive
duting the vacation(s) . Clearly, P{X=0Y=0 and for 21,
PIX=71= P(é)/[!‘P(O)] . Letting ) = Z 2 PIX=13 2t be
the p'fobqloifﬂ'ﬂ generating function 4ot X “we desive

o () -
f(2) = F,%?_ PZ()O)' (%)

@ P{oceed;y,g as in the analysis of the M/G/! queve without
vacation, we find the following system of equations s
" A i+l A ,
M= g0+ Z g, T Geo.). (8.20)
Hete, ¢, = PIX+Y=3i#3}, wheie Xie the number of custamers
i+ b )
aftiving duting the vacation petiod and Yis the number of
cwstomers afiiving duting the initial service after Vacation ().
Consider for a moment the F'S‘ﬁ of X+Y. Since Xand Y
are independew{' Vatiables
ffo qz.* = f(z)h(z), (3¢ %)
with hig) = Z;:o Pl_z‘ being the p £ of the number of attivals
duﬁv;j an atbittaty service time. Note, 1,20, as X 2 1.
vbetitution o Eq (8.29) into the qenerating {unction

gle) = izﬂy.ﬂ;z‘
resyults in

~ o . oo i+l ~ . ,
gla) = " 2, 2* + & Ptz (823)

i=0 1=0 (=}
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Now by (#%) and the fact that =0,

. e - A
LR AP IS S R OTIO)

and, furthermore,

>3 At

Z 2 pnlitet = e (5@ T b, (828)"
Hen ce,
§a) =T Fr bt + 27 (4T hia (8.29)°

8} ), ) = |+ (Rg)=D/1-PW)). Substifting +is
into (82 aud simplifying , we obtain

) ~ f(=2) -
4 =T 1 7250 ha) + 27'5(a) hia).

Selving for §(2), we find
5= B@-Nhi

3¢ z-h@ 1-P " (830)"

A ulilizadion of the condifion §(N= | gives
. - P ,
—”'0‘)t = (‘-9) ! F'(‘,) ) (8?72)

with o= AT = h(). When this expiession and h(z) = n(-22)
ate substifuted into (830) we get

Ay @ -11mh-22) 1-o

(j('z') h z =~ m(a-»2) 1 - (1
A cow pat;son of ) and (812) showe 4hat

A . f-1 .

9('27* ’E,(’—)'(’%—.—,)"g(?_) (¢

whete g(@) is the P«robqbili’ry gewefahn_q function of the number
of cvstomers left behind by an afbitray depm’r;'ng customer i
in the coweepomdmg equi lib+ivwm M/jQ/l egm‘em, in

which the sedver Tever 9oes on vacation.
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6] We shall prove that §(2)= g1 &> f(z) = PO+ P 2.
This means that §0)=q(2) ivm‘olies that no moie +han ove
customer will ever atiive duting a Vacation . As 4he atfival
precese is Bisson, §lz)= gl thetefste QU%ma*icaHg fules
out the possibili‘r\j Hiat vacation lenath is imdepemdf@m{' of
the avfival process. Our explanation of the cond i+ion
§(@ = q() is +hat a vacation, if wot aldeady over, will be
ntertopted the moment an avrival takes place.

B‘;j ), {3‘(%)= (D= D-1=2M(3-D. Henee, it wil
suflibe 4o show Hhat ¥@) -1 = £ (=-1) & f() = P)+P)2.

Necessity (). Assyme f@ -1 = £ (2= for all 3. Then
@ = (-0 + £z, Since F) =I5, Pat, it follows
that P@ = |- £14D and P = £7). Taus, £=)= PlO)+ P()g.

Sufficiency (€) Assume £(2)= Plo)+ PN 2. Then PO)=1-P0)

so dhat £ -1 = P) (2-1). Hence #()= PN and,in patdiclay,
pY = P . Thus, F@-1 = £ (2= fot all 3.

By Eq (3.3), -ﬁ; = ﬁf for all i20 Cousequeu{—lg)
STt = 5T = 4,

whete §(a) is given by (). By (822)" and ﬁ—Fﬁo*,

- | - P(o)
Tra = (!—?) F,U) .

(£/(1- P(0)) is mean number of cystomers by end of vacation (5).)

[d] Differentiation of Eq () gives

Ay o SRl gl2) (2= - (F@)-1)
§@ = Tnan 3@ T ) (z-D%
'Nhe4eb3
R -1, 0 P -Ue-D)
9 (D ql-l"y}l’] #I(‘) (E‘D 9 (D -+ \U’(D !Im (Z_D’L

2>
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A single application of I’Hospifql‘s fule yields
Arrin L M d o e -
g’ = “;’,V' Far 19+ g L'_',”} 2 (z-1)

Hence,

As Yy £ .
3(0 = g') + TE - (3)

[e] L‘ethng 3 be the Laplace - Sticltjes translorm of the
s0 joutn time, we have
TORRNCPION (842
3@ = $(r-n2) (8.43)
Thys,
4@ = 0D NO-22).
lnserdion of Hins expression into (1) leads to

£ -] )

w()—)'l): Z“’T]()"?\‘E) P/“) (8‘“’),
Sernﬁ s=2a-2z, we detive the analegue of (8.%8)
Aoy 1=PU-23) G-
wls) = s—alt-m&l (DO - ()

] In the case that vacation leugths ate mdepwd(’m{' of the
attival pfocess, evidently the probability of \N(li‘l'i‘mﬁ equals 1.

[a] The L.-Q.A’ffampofwy of the distnbotion funchion of +the
Waiting dime W is &), given by (. By compatison of
M) and (8.28) we {ind the Telatien

—p(- &
&(s) = ! F_(J 2) F’)El) w(s).
Hence, .
A —f0-» 2 F(-8) - (1-F0-3
wis) = ‘ i(l ) _{:77\(5 w’(s) + 2= ( )Sq( ) 10—,72,‘) wls),
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: - - S prii 8y _(1_pli By
d‘)/(o) = lim ﬂl_ll._?_\_.wr(o)_f_ fim 3 £ A)s(zf £(i~ 2)

6 s Fl(” s>0

A
-
A single appl;ca’riaw of |'Hospitals rule Proddc%

3 Pi-5)-5 g”(:‘-%)-#u-%)_z_)
(3 or

Ay - —é{”(l-%) A 7 ’
w0 = lim ] iy w 0 + lim
S0 590

by which
0 = w0) - 7o,
Now, E(W) = - 8%0) and E(W)= - w@). [t fllows that
CEW) - EW) + Z_i/;-{{()l); (5)
whese E(W) is given by (£.39).

1Y pose Fz)= gt (321). That is, with chbabi!/f ! exactly |
customers afrive duting a vacation, and asrivgl ne. 5 siqnals the
end of the vacation. Obvieusiy, +he (enj%hof q Vacgﬁ«'a depevds
on future arfivals. ,

Egs (12, (2),and (3), held for #(2)= 27 fotall [z, since the
equations wete detived without a requirement of inde F?mdewce/
between vacation length and artival process

Eq. o) recitts £ (1), (£42) and (§43)° OF these (i)
and @AV hold whether o not vacation length depends'on the
arTival process. Howeves, (£43)"is valid euly if sojoutn time
is independent of the arrival process. For F(z)=21 with ;=1
this condition will be met for every cwstomer, but if 2 2,
theu in the case of gyrtivals ne. / 7‘!"'/;7"/1 the time until the
end of vacation wiil depend on the futute arrival epochs.

We concivde that Fq. 4 is valid for j=1, but not for
(22, when (2)= 2% In'the case #2)=12 *(4) reduces 1o the

Pollaczek - Khinteltine formuly (8.3%), as it shovld, when
£U-5) =1 -5 and £(D=| afe insetted

Eq. (5) ﬁ'l!ow's From (3 a(/ferq,,?/;cv,f/om of L=;\\,V)
(5) is thesefote valid ot all jzl wm}:f Hz)= o, -
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'Derivation of the P-K formyla by the method of collective matks'

Note that inn this exercice the same notation is ysed for a +ime
interval and its leugth. For instance, W, will denote both the fime
interval dufing which the kih customer waits for sefyice and
the length of that time interval, the waiting +ime. No confusion
should”atise as the meaning is clear from the context

E We consider an M/G/1 queve with ordef-of-at¥ival service.
The k'4h affiNing cystomel is hefe the same as +he k'ih
depatting costomes, so we may also speak of the kil cystomed.

LetTTx®M po the pwbqbiliig that the kth customes will leave
i customeds behind, namely these cystomers who artive duting

hie sojourn time | and defive {he genetating function
. - < ( ) ~ A
92 = 2 T e

Now, imegine that each aiTiving custoumer i mafked with
probability I-2 aud left unmatked with probability 2.
Cleatly, by the theotewt of tofq P«obab:h% » 9 (2 may be
nterpfeted as the probability that no matked” cvstomere
aTTive duting the sojoutn +ime of the Kih customer.

E‘ —!T(= SojouTn 4ime of the kdh custemer (or coﬁesf?cwdmj dime wieral)

Wi = waiting +ime of the k' customer (or cotfesponding time intesval)
C.o= { the kh customer s marked ¥

Ck',= { the kih customer is not matked }
M'X)= {no maiked cystomers atdive duting time intetval X3

it Pollows from $he above definiticns

anal ot assuwnplion
of ovdes-of-a1tival eervice fhat

{M/(—,;()J Ckﬂ} @ { Wk+| = 0) CK+,~$ )

MR, G b = {MW), ¢ b
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Also, since a customer’s Pﬁ&m‘ﬂi:“(’ of being matked io |-%
whatever his Waiting time and makings of other customers,

PiW,.,=0,C,.} = PW,. -0 PiC_J,
PIMW,,), Cr.} = PIMW, IPIC,T,
Since  PAMITOY = PAM(T, C, 0 + P{M'(-ﬂ(), Cru} ) We have

PAMTOY = POW,, = 03 (1-2) + PIMW,, ) .
Denote by ¢,(s) and w, () the Laplace-Sheltjes trancforms
of the distribution functions of Ty and Wy, respechively. By the
definition ong(z), the interpietation in patt (), and Equa}rion (6.10),
PIM (T} = 3, (D) = ¢ (r-22) .

Qnmlml‘j, Pt
{M (Wkﬂ)} = ... = whl.()\"?\'z).

[d] 83 patts (b) and (),
¢ (-22) = PN, = 03 (-2) + 0, , O-a2) 2.
“The svbstitution A-2z = s gives
89 = PIW, =0} S + w,, (o1 (I~ £).

latroducing @)= Wl n(s), letting k>0, assuming that

o @, (9= w() and ling PLW=03= PIN=01, and solling for w(s)

W find

w(e) = s=her=ng@r PW=0}.

[e] Fihallj, uhl\zmg w(0) =1 we desive PAW=0} = | +29/0) =

= = |-p. Once wote we obtain the Dollaczek-Khintchine fotmile
wie) = —=el=el . (gag)

s —All-n] D
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"The M/G/I queve Lrom the viewpoint of atrivals.’

Definitions

N = number of customers in e system jyst
pfiof to an afbitraty at1ival epoch T

R= Temaining setvice time at T

Ty=PiN=3} (=00, Q)
T = PLRLx, N=4b  (x20; j=12,..) (1)
9= £ e (=1, ®
uls2) = g/ pi () 2* )

Main results

Trali-2) mE) - n(a-ae)
2-n0-aw s -a0-2)

u(s,2) = [see paits e-51, (5)

-”; = 1—9 (?=7\r< )] L'seepa#a], (6)
whete Nls) is the Laplace - Stieltjes translorm of the setvice~+ime

dist1ibution function HOO, T is the mean service time | and 3 1o
the cvstomer a1vival fate. Invetsion of (5) gives

Z M0zt - 22l (0 yo )y lay (. )

mA-az)-3
. i-2 7is) -1
@ U(O)” =—";)‘ l'mr;-u z —n(-nz) “""s »0 S

= -n0) _ by A e
T mome = T = T, 7= -

=T ET - T+ Zpo

=T +uln =T, (1+ 755).

Thus, Eq~(é), T’;= f"?, follows Prom Eq_ (5) and Z“H; =]
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k] B\J ch (7),

£ TR = lim,y, =, Ti0s*

= (=@M lim, 7,,‘0':—,;_—2 f:[ H(3+x) - (D 1dE
- (- T (G L-H1at - £T0-Hway),

Hence,

£ 00 = 2 {, CI-Hlay,
%0 that

00 X
P{RgX!N:I} - P{Rf-.XLNZ,‘s - Zi:;ﬂ;“) - A gon‘H(})]d} .
PN T A (TI-HOTeS
Since the wmean sewice time may be expiessed as =§:[l-h‘(§)]d§,

PR<xIN2IY =+ || TI-H(Ta3. ®

Thie wight have been anticipated by considefing (79); disieqatding
idle pefiods, staft-of-setvice epoche form a fenewal process.

[e] By Eq (7,
goﬂ; 3t =T+ hmwgmx) .
=T+ %—%fe‘““""[i— H(D]d}
=T+ e (5t~ e o)
=T+ oo (1 + THO )
=T+ w1 = (e anm)
(1-9)2

=Tt ooz (l—-'r;(,\—m)).

= nally, substitution of T,= f-fz, by (), and %im‘?l‘.ﬁmﬁon
give as the fesyit,
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= o Lehm-az)
;,Z.o_”; 2= % -n-r2) (l—?). (9)

Equaticn (@) is seen 4o be idedtical to (8.12) whielr gives the
pyo bﬂbili@] gemt‘('QHMj {function of the der)qﬁ(wef s fqte.

This 15 the diject consequence of 4he equality T* =",

Let \}\,'j(x) be the conditional waiting 4ime distibition

function, g?\len N=4, and let W) be the unconditione! waitni
time disttiBution function, assuming setvice in ofdet of attival. Then

WO = £, 50400 = T, + ST W60 = T+ £ T (Pl Sh-glah*e0),

where we have vsed that Wi(x) is the convolution of the dishsibution
of the vemaining seivice time, qiven N=j, and the dishib vtion of o
sum of j-I independent setvice fimes. By je?zmﬁon of Ti(x), then,

W6 = T + gﬁg(’x—})dH*q")ﬁ). (10)

Hence,

X

wE= e aWK =T, + gl (:" e 7d § Tix-DaH* )
=T+ g'( S:e's"dmm)( S:e—sxd H* (%))
=T, + £,y tner”
=Ty + i Ul i)
T o TG
= S

“lp s =all-nls) -

Thus, the Laptace-Gheltjes transform of the waiting time is

s{l-@)

W) = 20 ()

Which, of covtse, is the same as Eq. (838,
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[e] LetT ,and T, be an atbi traty pair of consecutive atrival

epoche, and let +h& asscociated qrtival states pe (N, ,R)) and
( 1, R4, mspecmelg Egs. 4Dy, (%) and (14) ate detrved ‘o the
assumption of ideutical 5+a+e pwbab.[fﬂ distiibotions at
T and T, . The dishibution at T, defined by T, (=PiN,=0}),
T, 00 €PLL=1, Ry & x3) and TH60 (= Pi,=3, R & Rod 4= 2,5 .

ie found b cond tioning on (N, R)). The e?()ahoms reflect
the fact fh%* N.= 4 mag occur if and only it N2 4-1.

T= T, {eohe + £ [ e T gah"e) (12)

Eq. (12) is obtained by veufiting PNy=0} = PIN =0 N,= o}+Z PN =k N,=0}
as =T, PN =0[N=0} + X7 {5 PLN,= =0[N= kR P\,}am\p and.
obserin J(hq+ P{Mz oIN,= o} [Te M d b and PN 'N, I, R;=yJ
= {26 HNIDG ¥ (q)

T = T, §; CHE+ - B Ine ™t (19
3 (LT d ) f_ THeen - HedIae™ae.

Eq (13) follows from P{N,=I,R, ¢ x¥= PIN,=0, N;=1, R, ¢x3 +
k,, PIN=k,N,= 1, R, < X3, rew Hen 00 = T, PiN,= 1, Ry&x|N=0} +
: o PO, | RlsxlN K, R,= y}onr(\p as well s fhe oboel-
\ja.Jnows that P{Nl [,R _XIN 0} = f CH(E+) - HOIAe ™3t and
PIN,=1, R ¢ x[N,= K, R,= y} = { -*‘3“’414*""(2){ [HE) -H®]ae™Mdt.
TG0 = So [ +x) -

T (] neMat (=23,.) ()

+ 2 (" [Ce YT d ) 5 CHEex)- HO T2 et

k=14 ‘0

Eq (M) may be deqived by the same kind of arquments that
\NGAQ/ ueed\’ for Eqs. (2) awd a».

The double .m‘eﬁmi of Eq (12} equals S ‘WdTT(\J)S e M H ¥R,
Hewee Using dhe La?\qce_ Steltjes transform def: n.hone Eq (11)
becomes

Ty = MmO + g;, i) 7700, (Is)
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Eq~(|'3) may be wiilten
T = h’,(x)[TFO + RZﬂ \yk(mn""(ﬂ],

Wheie 00
K| (x) = g} CH(E+x) - HOT pe ™™gt
Hence,
y, (s) = §oe’ dTx) = e dK(x)[TT+Z ROk w].
Now,
[ a0 = )= [ M 2e a0 dx
=7\£§ (s nx S_ (_ A dHEm))dx = 2 S_ e mj SN IH W) dx
- Afzaoe ft -(s~ R)X dH(t) = S )t[‘ (s-))f]d H(".'))
go that
S e K0 = 25 [non - ne)].
Hence,

VO = 325 Do -n@IT+ = gom o] ()
Eq. (M) may be written

T = K00 + Ki(x) ,>j'_"1 YT (e,
whete K (x) has been defined above and

i (x) = f: [17;_,(t+x)—7ra._,(f)he‘”af (j=23.).
Hence,

y,(e)= Se T, 00 = S LAt +§°e‘s"dw,(x) 200 (je2a,)
Proceeding precisely as when fwe' dK, (<) was calculated | we desive

Heice, for j 2‘580 " Ko = s 2 [\yr'()‘) V- ,(5)] (3=2%,..),
¢ 5

(o) = 5 [\[/j_,(x%-\,t{i_,(s)] + 25 Iny-mis)] KZ.; v %) (17)
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[a] Subs+:+u’rion of (16) and (IT) inte (1) leads to
=y &)zt + 2 Py [nm—q?(s)][ﬂoz J;:Z, gj\yh())yk'ia) 2]

Now, w .
_ ;\:—;[%_,(?\) - %_,(5)] =y [0(7\,%) - uls2)] )
and
9 =2 . . ) K )
LT yoionst = £ oo (3

= 47“) '3 Z \f’k(h)'r’ (h) [l n()))k.]

= m L) = vo2]1.

It LHollows easi ly +hat

sy - v,
u(sa)e-A0-2) = rzulrD +7t2[’q(70"7[(5)] ﬁTo"' %;—iJ (18)

For o= a-2s, Eq. (18) speciahzes to

OnN - v
0= A200, + azlgn =m0l [T+ S5,

Wheteby

B uly,2) uOym) -u(a2)
ﬂ;) B /qu-m;-nm * 2 —mx) . (1)

Substitution of this expfession 1nto (8) and solution w1t uls2) give

us
_ Azlne -nG-m] v(h2)
“(5'%) [s- 1y -nh-2] - (20)

By U5,
v =Tl Tl- g0l )

Substitution of this expression imo (19) and selution w1t uir,2) give

us
T =2) [ - noaw ] )
T T ) (22)
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(Chap. 5, Ex. 14 })

Finally, substitution of (21) into (20) yields
Y Y

C Mpaz(-2) M@ -nh-aa)
= Mo
vlsn) = 2-m0-22) T s-ai-m - )

We shall show that inversion of (5) gives
L0z = Aw | & P Ul - frilay, @

whete _ -
AG) = (I-@)az(1-2)

M- -g -

To begin, we chow that the Laplace - Stieltjes tfansform of 4he
LHS of (7) equals the LHS of (5)

fe'sxd(z T,(0 4% = ’f e 5*d7r<x) = Z ¥ ()2 = y(s,2).

Next we show that dhe Laquce S\‘.el{Jes ’cmwsfowm of the RHQ ¢
(m equals the RHSG of (5).

[ ""d(A(e)f P 0 - B3] aY) = A e""*(J B 40) dx

00

= A(Z) Tg— s -A0-20x (}‘ oe—h(l—z)(kﬂ)d H(E“‘X)) dx

X

= Al (et """’]"(Te"‘“'de(}))dx

xX=g

= AT ([ oty 4y
3=0

= Ala) — )\(' z)}(’ -ad- z)}[' -[s—h(l—z)]}]dH(D

= Al — M,_z)s [ L S PTTO)
= A=) Q_A(,_Z)['qu -32) = mls)]

Thus, consi denng the dekinition of A2) aud the fact, by (),
{hqf‘ I—Q

(- T, -2) mls)-ma-
xi ey (.Amif:% NELHE ) -HOlaY) = 2R S 26 ma .
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| Choptet 5 Exercise 15|

"The integrodifferertial equation of Takgcs

Let N be the virtal waiting time inthe M/G/| quede With
otder-of- artival setvice, ang define the disttibytion Punction

Vi, = PAV ¢ xb.

E Let h>0, and let K be the number of aitivals in +he
time m+e1‘va| [t,t+h).  We shall show that

PV, W% K=0}= (- Ah)\/(t X+h) + o(h), (i)
P{\!M_x K=11= ahS H(x+h PN +oln), (i)
whe{ebj, as P{\jtmﬁx K22} = olh) and \(t+h x)= Z Pwhh‘x' Kﬂ?l,

x+h

VCt+h,x)= U= Vi3 + | Hch-yd Ve rot. 00

EQ {(i). Ob\hoUC:’ {\j —XI K=0} &< {V <x+h| K=0}. Consequent ,
PN, & xIK=0 = P{V <x+h| K=03. Also, Siﬂce\/ and Y ode ngde eny—
den+ P{\I < x+hl K= o = PN, ¢ x+h. Thus Py, <x| K=0}= P{\l<x+h7x

and, ' b=
PV, x, K= 03 = PUK= 03P{Y, , < X K=01 = (= Ak + o) PV, £ x+h3,
whedebg (D follows.

EQ Gi). For K=1, denote by £* the time of attival and by % the
sewice Yime of the customer Gifiving in Ttteh). Observe that
[Ny X1 K- 1Y€ N2 & o, 82 Zx1K-1), Hence, fof ll 120,

PIV,,, & xl K= 11 = PO 2 S x| K= 13— P 2 & e teh- < B,
Gince \fh 2 and K ate indep%deM v’aﬂab[es)
P{\IﬁZ < xrh| K=13 = PANHZ < x4}

X+h

= go H(x+h-y) dy\/(f,\j).
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(CFIQP- 5, E_X. !5'0,)

EFor the sake of b-re«\/ii'g) dexc,-n@
Fix,h) = PN Z ¢ xth, th-t*< Z-x| K=1].

Clearly, t* is yniformly distributed on [t t+h), independently
of Ny and Z. Usinﬂ this fact we detive

Fooh) = 10 070 222 ) a ety

y=0 ‘2Z=x+

Sy o YR ANy

=X+
< TN [ dH )
= Nit,h) [Hx+h) - HOOT,

Hence,

lim, , F(x,h) =0 (x20).
E\lidemHg,

PN, & x, K=13 = PIK=B PV, < x| K=13 = G+ ot PV, , < x K= 13,

Hence, by previols fesylts,

PIN,,, ¢ x, K=13

h=

(h+otmi [ $:‘ﬂ(x+h—y)dyV(f,y) - Ftx, )

X
(]

+h
M § HOoh-y)d, Vit + och).
This coucludes the pioop of Gi). The pmof of Eg. (%

i5 com pler{'c.

L&) Subttacting V{t,x) on both sides of (%), dividing threugh
by h, and letling h+0, we obtain

d ) s x
e YD N + 3 Hoc-y)d Vi, ), ¢
a

which is the ;n+e91odi\0pefen+i0f equation of Takdcs.
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(Chap‘ 5 Ex. 15

. Asauwnmg l.m B\/(t X)=0 and hm Vi) = V(x), Eq (1) becomes

d;/x(x) = A0 - R&)H(x-g)dV(y) (x20). (2)

Now, detine +he Laplace-Stieltjes tansfotm

8(s) = foe‘f"d\l(x)

All thite feqms in Eq. (D ate Puwchows of X. The L.-S. transfoims
of LHS and RHS of the equot ion afe «espec%.uelj)

_5 V( o

= V 0)+L )(dV(X)I _‘_st -SXdV( )
= V{0 =V(0) +s[ Soe’“d Vo0 -V(0)]
= s[ 6 -v©1],

and
gje'sxd (NG -2 {:H (x-PdV(y) = 2 §:e"°"d Vix) —xfz e’“d(f: Hix-yavig))

= 30 - AN 8(s))

Since (o Hx-ydV(y) is the convolution of distributicn {unchions
with L’S Hamsfodms 7o) and B(s).
Eq at ing LHS and KHS transferms we obtain

B()-V(0) = 28(s) — & mie)0(s). 3)

Qolving (® for B(s) gives

- sV(0)
)= st -

lnsetting V(O = -0 as vsval for the M/G/I quever, we get
(8.28), ae we should. M
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l Chapter 5 Exercise [6 l

'Nedify that (871 ie the solution of (8:7)) '

f= o d (8.71)

ho o AT g pd .
o &k © i ‘Ch-}' (n2 ”/>

7 _(7\ ) ¢ —

{.""1’ “,3,,: L (:f;)! e A "] (n2 4) (8.72)

The \9400@ (s by indection, Fn‘bf‘ we obseqve 4hat po{q” feasible
noand j such igaf' n-1=0, f:_p, (8772) teduces to €7, which
agrees with (8770 Nut we assvwme that (872) alveqd
has been proved fof all v and 4 such that n-3 <k, We shall
show that thew (8.72) witl hold firall n and i sueh {lfmfw = byt
Tﬁws ascume valves of nand J such ihq\“n— = I»(+1
B?L the mJUJ’non hy pothesie, (§.72) aplol.es to all the Padofs
nly K=l n=g, of (8T13, since n-j-k & k. Substitvbion of
(8 72) m\‘o (87/) and qulﬁhl'fefwmd fedudnon produce

n- a‘ . K . ‘ ,-
s L 3 TR e Kk )" A0
f’,‘,} = L K€ i n-4 (n—a—k)! e g
K=i
- .()T(""i))h-i -3 E {n-3-n! (J’_)K
- (n-pl € = (k=0Mtn-j-KT \ng
-j e
Ar@n-N"" i, i "yj PNy 40 nejeiev
T T mprel RgL, ( ) )(;-—3) l [v=k-1]
S . . \
- (7\7'(“‘})) T & ( ’ L)n-]-l
n-pr & n-g U1t a3

_’j- ()\7"7)"-3 ).-)\7-‘,,
n {n-4! e

By induction, we conclude that (872) holds for all u amdj
whede 3 zZl,n2 g D
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] Chapter 5, Exercice 17

'a.let Ny be the number of customers served dufing o k-busy pe'riod,

@ Aesume an M/Q/I queve. Stattivg ot £, with i+ customers in
the systew, e imagive that fitst we sefve the i costomere plvs
all later atdivals vatil the womeat £, when a departuie leaves
the ofigingl j customess behind. C_{ea{lg, Ty, b)) e ani- busy
peﬁod. Let N; bethe pumber of customers seived dufin Lty t)).
New setve the femaining § cvstomess and all later atfivals vakif
at t,, the systew 1o ewmpty. quim, [t),t) is a j-busy pediod,
and we let Nj be the number of customers served dufing Lt t,).
By the independence of interattival times and seqvice Himee
as well as the assumphon of Prissoun atiivals, the fealiza-
tions of the i-busy pediod and the j-busy pefiod ate indepen—
dent. In patticolar, Ni and Vj ate 1ndependent, and

N£+j= N£+Nj (l)

whete N, is the number of customers setved dwmﬂ the eutise
(i+4)-busy pesiod.

[b] Extending the afguments behind (1), a k-busy petiod may
be decowpesed wnto K independent |- busy pefiods With associ-
ated numbes of sefvices N (W), v =41, k, so that Ny = E:‘N,(d).
Hence,

E(N= Vzk ECN,) = k EW).
=/

EMN) is most eastiy detived From the mean busy period b as
follows. The wmean cycle +ime eguals b+x"". “Thus,the ave{aale/‘
numbes of buey pesiods (or c;c?es.? per vnit dime is [b+a"17
Gince the nympes of atrivals per unit time (= number of setvices
pec unit fime if p<I) is A, the avefage wumber of setvices per
v ey pcﬂod will be E(N) = A/ Lo T%= | +ab. Accofdin% {o
(8.62), b=7/(1-xm). Hence, E(ND= 1/U-27)= I/(I-¢7.

It followe that, for o<1,

E(N = 755
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(Chap. 5 Ex. 17¢)

Let F:n denote the probability that n2 i customers will
be sefued dufing an i-busy petiod. By pait o

"Z‘ po @

k - F::-bg‘) (Lgl, jgl,)
k={ h- )

nx i+
Foran M/D/I gueve £ is given by (8.7, Whose substifution
into the abové equa#;on gives

N A S SV R kel SO T I CCu A,

[3
Kzﬂ- K (k-0 n-k  (n-k-§) h n-i-p! .

Abter cancellation of poweis of a7 aud a featfangemeat, we have

o4 ot (n-k)" K-i-! _ G Py (igl,{gl, )
i RO T (k- G ! niig). @
Fori=4=1 (2 becomes the identity

T~

n-1

z, (o) 1 -k = 2 gpon " (n29). (3)

| Chapter 5, Exetcice 18 |

'Let Ni be the number of customers served dufing a j-busy pejfiod '

o0 k
luthe preseat case, the M/M/| queve, H¥*(3)= KZ.,(L:') " co that

dHyn(E) _ Mn n-! —M‘j
a3y <n-n!3 e .

*n
Sefting t=o0 1n (8:73) and 1eplacing ¢ H*"(}) by %\5, weling

RNt S M ond oy NI > 2n-j om0t
PN =} = o4 pr e 37 e -Wmii Oy

Since fxme'qxdx =m!/a™ fora>o ,m=0,1,2,... (see a Table of (u{ezj{qis))

o0 : { I
-{-1 ~GreY, _ (TH-§-D)!
§a§ o ey RS

so 4hat -
a1

P{N1=n7}‘= %(a:_; )(TEQ)’-TQ- (n;p)
wheie o =2a/u. D
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| Chapter 5 Exercise 19 |

' The "polite” cystomer.’

Thdoughou{— in paits a-d an M/G/ queve i assumed . By o
poln‘ cua}omer i meant a custowesr who declines 4o euter
sedvice When any other custower is pfeseut in the

. _ / queu@.
His equilibtivm Waiting hwe 15 devoted by \MP.

[al By definition, a polite cotomer who atrives while the
setvef is '\ouelj will not entef cetvice until the very end of the
buey petiod 1 1at wWould have beewn vealized without ¢ ¢ appentance
of fhe PolH‘re customed.

Given Frissen atfivals forall CUS+°VV(6'{6> we assyme that
aleo the pohlre custowmes will a11ive ot a Taudow +ime v equi-
ibtivm. " In a#icular, W ease he affives while He ceives
is busy, thea the atdival takes place at a fandomly selected
point 1n time W the Tenewal process of busy pesiods, disfe-
ga«dmg the idie pe{iads. Accoidi'w» ly, the waitiin e is a
fesidval busy pefiod, whose dist1i 60tion in equilibfium s
given by Eq. (79). It follows +hat

PLW, ¢ x[We> 03 = & §T1-803as3, 0]

whede B®) is the distyibution function of the busy petiod, and
b io ite mean.

(o] Witk P{obabili+\j [-¢ the polite customes atdives aban idle
servet and has waiting time 0. With probability o he arfives ot
a busy cetver and his conditional Waiting fime distiibution i
given by 0. Usiig that b= /(\-0), by éot.(%%) we conclude that

P{W, ¢ xY = (-9 + 9%@(:[1—3&)]&%. )

If the polite customesr has to wait, his waiting time dis-
taibution is, by patta, identical o the tesidval busy pesiod
distiibvtion in equilibfium  avd so the wean wait equals the
mean of the fesidual busy pefied given by (71%). Thus,
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(Chap. 5 Ex 4¢)

2

EOW,IW,>0) -5 + 38,

Whede o is the vatiauce of the busy period. Ae b=1/(1-¢),

EOWIW,>0) = 2(’1,“-97 * ”_'%%E S (3)

@ %‘J (870), E(BY) = 'q”(())/(l—qﬁ Now, n"(0) equa|s the

second moweut of the setvice time distribution, so we may wiite
"0) = 62 + 7% Whete &% is the Vatiauce of +he sevice i’m&
ewce)

@ n_je_ O _ 1t
0p = E(B)-b (I-p) ~ (-
- 01+g7~"'
(I-Q)'-” ;

Substitution of dhis expiession Lor 0, into (%) yields

EWWp20) = 555 )

[e] Suppose the polite cystomer makes his atfival in an M/M/=
queue,  with atiival fate 2 and mequ setvice +ime f«r'. Thefe he
Will wait only ifall & sefvels ate busy on as1ival.

The Rey obeefvation o that all- seqveis—busy efiods
follow P1ecaselj the same distribvtion as does the busy pediod
in the M/M/i” queve With aitival fate A and wmean eivice
time (sp~!

We can couclude that E(WPI\NP> 0) may be derived b
the yse of Eq. 00, selling 7= (e, 0" ="1" = (a7} amc?
o = A/ep. heace, for +he M/M/s queve, '

— o) _ (SM)_2+(9M)'7‘
h(\NP] \NP> 0) - 2(5/4)_'<I_?)’L )

Sim phpgima 4o

(5)

E(WPI\'JP>0)= U—}%’TJA . 0
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l Cha pter 5, Exevcise 20 l

' Cegvice in tevefse oider of arfival’

lal We consider an afbitfaty customer atfiving atan M/G/|
queve at a fime To wheu the sedved is busy. Disﬂ;ﬁafdin
idle petiode, +he atfival epoch is a fandomly selected poiut in
time in the Tenewol plocess whete inferedent +imes have
Pfobﬂbih:\"j dictnbution B@. Hence, the femaining sefvice
time T-To has the piobability distiibution funchonn HIH
giden by (BHD), by application of (79).

If 1’?—7}_4‘) then the number of pew affivale duting
[T will follow the Poisson disttibution with wean at. Thus,
the joint PfObei lity of T-Tc£x and j new atfivals is

Boo = | B eBaH).

o ¥

[b] Let, as vsval, W be +the waiting time of an atbitfary customer
(the +est cvstome D and let W be the. equiliblium waiting time
distibution function, given seqvice in Teverse ofded of aryival.
Deuoting +he at1ival state by N, cleatly

W) = PPN <t) = PiN=03PiWst|N=0} + PIN2 13 POW ¢t N2 13,
Given Poisson atfivals, P{N;l’ﬁ=?, HCVIC6,
W) = (1-9) +o PiWet| N2 1.

To £ind P{W<tIN2 1Y, obscive that the waiting time is the sum
of the femaining sefvice tvne T =T, and a j-busy pefiod,
Whede j is the numbes of a1divale dufing [TC,T?), since the test
coetomer must wait until both these § customers and all lafer
affivals have been sefved.

Note that for given 4, +he conditional femaining seivice
time and the j-busy petiod afe independent. It follows that,
giien N 21, the oint probabiliby of § new atfivals and a total
wait of less than t equals (P (t-xdB,(x), wheie B0 is the
distribution function of the j-buoy petiod. Hence,

Sffu

PAW& I N2 1Y =4_}:‘0 ) Pi(t-x)o( Bi(x\
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so that

WU = (-9 + X {Blt-x1d 80, 0

i=0

ILe,{’ w (2 denote 4he Laplace - Stielties transform of the
Waiting Hme distiibution function \N(J, and let, as pefole,
N(s) and pls) be the La lace-Sw‘.'el%jes transforms of cefvice
time ond busy pefiod distribution functions , Tespectively .

By ), and pait a,

w(o) = { &t W

o
= (-9 +¢ ;Z__:o( zo"'—sxdf’;(x))( {:e-sxd B,)
(-1 vo £, ([ ¥ i) p
(1 ;?) +o dZ: S;"e-(smx m@.@)éd T
g1 g [ (£, 25l

(-g)+p (& @My,

#

it

The last inteqral is the Laplace - Stieltjes trancform of the
Temaining sefvice time distsibution fonction, evalvated at
s+aLl-ptsll. Accofding to Eq. (T.10) this trans ferm equals

* _ox 77 1 1-nls)
fae dHO) = = —,
whete 7 is the mean sewice time. Hence, since 0= AT

3 1=men-apte)
wls) = (I‘Q)"‘ A 8 +all-pta] - )

[d] By (367, (2(8) = m(s+A-Ap(), so that (2) reduces to

. N all-ple]
wle)= (I-p)+ S+ALI-pa) - @

L]
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't 15 tequited +o calcvlate the atiiving customeds equilibiivm
distiibylion -{TT;% fot the M/G/) quever Wit n Waiting positions,’

[@ Let T* ;= 0,1,..., n) denote any vnanofmalized T calcwlated

from (‘f.l)1 amn_q with an afbitrary Pas:’rwe valve of T X

and set
d=Toe+Twe. T
By (4.02) and (9.1%),

—H- = ‘”_;- = —u—d*d = =y !ﬁ:'*
i TMrea T TMrdrad | Tptad

(i= 0,/,,,.,n))

T o Wraen | Tsand Tgt+a-d
n+l ¥+ a Txd +ad 7To*+ad.'

[b] Suppose that the stote d.‘fzh;bm‘;on{ﬂ;} fof the coffes pon-
ding inﬁwi{?&—wah‘inj—ﬁom veve has been  calculated .
53 Pfopofﬁowaliig ofa {1} qnd~{'ﬂ?} for it O,l,.., n, the
starting value T * = T, Will lead 4o Ti*=ﬁi (=0, m) and
=X, g‘j FQH’ a , then,

V=0 "y
S Ap—" PV
b M,+aX) T, 1= 500t
_n— . T’i-ﬂ + (Q‘I)Z::aﬁ;)
hel 'ﬁ;-f- a.Z.;;O"ﬁ'\,

For an M/M/i queve -ﬁ; = (|-a) a3 (j = 0]1,,..'),see Ex.H of
Char)w‘ef /. Bﬁ sUubstitubion inte the equal:oms' of /9(211- b:
(l—a.?a& . :
-U; = T (3 =00 ., n+l).
Te "rate yp = rate down" e_quoﬁionc—, afe AF=p lé{, (= 0)lyy 1),
by which T =Ff = (1-a)a/(1-a"™*) , whete a=a/m, in
aTeeww{- With' e above fesyld. D
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| Chapter 5, Exercice 12 |

'A patticle - covnting device .

The oystem may be modeled a5 a single -sefver gueve with waiting
foom of size 1, gfoss atfiyal take b elfechive arrival fate in
state § equal +o Ay = (3 32, constaut seqvice time =1 Let

bj = mean of a j-busy petiod (4=1,2),
plily) = probability that 1 bofhesc fiil (i paﬂicles afive
at idle by fless) duting u service dime, given
state i U= hD at He statt of service.

Cleatly,
3 b= |+ pUINby+ p2lNb,, 0
by= |+ pUOID b +pUDb,. ¢

Using p(Ciz) + pU[D)=1, Eq (2) can be wiitten

_ I+pliy)b (3)

A piole)
Substitution o (®) 1ate (1) and yse of plof+ pt|N+p2f1) = | give
_plold) + pQaiD)

‘ plelnploin) )

The probability that an idle buffer will be Filled duting a eetvice
pediod equals "= e Hence, p[D) = ™, p(2|)= 1= e™? and
ploll) = (e™™ Substitution nte () and siinplificalion yeld

b, = 0Ph 4 P ot (5)

As N = 32, the mean idle petiod equa(s (%))"( Hewce, i amq{ocj\j
with  (4.14), the cqvried lead is giveu by

’ b/
@ G ©
The offesed load ie
a =(3N7 =132 (7)
By (5),) and (7), , Pt

= |— 4 . )_
P= | a ' I+ B (e o2y D
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| Chapter 5 Exercise 23]

"Let B(jk) be the durtation of the j- busy pesiod in the M/G/}
queve with 3+k-| waiting positions ...’

Obsefve that the system may hold altogether J#k customeis.
let ELBG,0] = b1, and let P(],k) be the {obability that thiov b-
out the busg pestod these will alwaujs be at least one unoccupied \mﬂsnﬂ
PosHion.

[a] Suppose setvice begine when theie ate § customeis in the
system. We may assume’ that customers ate ceved i feverse
ofder-of- aitival * [nitiall , We- decompose the i-buey peiiod into
two independent tune intenals. The fitst inferval 5 the 4ime needed
to teduce the state from j o j-I. This time interval is distfib-
vted as B(LK) . The second inteval is the {ime needed to re-
dvce the stake from -1 to 0, so this time inteival is distiibuted
as B(j-l, k+1) assuming j22. Hence,

Bl),i0 = Bl + BG-Lken) (52D, 0]
8o that k-t
Byw= Z BU0. Q)
@ —Bk:‘wg means in (L) We obtajn
i 4k}
b(jk) = L_%k b(1,0). 3)

We now decompose the j-busy pefiod in a_diffesent way.
Imagine +hat the first customer, C, i¥ any, who fills up the queve
Wiil' not enter cesvice uptil there gre no other wWaiting custom-
ers. Then the time until C, shovld he exist, wiil gef sewed
is disttibuted as B(j, k-1, assuming kz/. Wikh plobobility
| - P(g,k), C wijl attive duting the busy Pe-(iod and thys qeve-
tate a I-busy peiiod distibuted as B, j+k-N.

We conclude +hat

5(4,*‘)= Bjk-1) +I"B(|,-ﬂ+k-l) k2, ()
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(Chap. 5, Ex 2% b)

whete T=0 i# C does not qrive and T = [i“,"'.ﬂ-?‘he*dde;;f; Note

“that T and B, j+k-1) ate ind-ep‘%denf— vafiqbles . %k}'h;q
means in () we devtive

b 0= bl + [P etsed Gz )

\N-fi{'in_g b(é)k) and b(,k-1) as sume of mean |-

bus
elieds , by the yse of (), Eq4. (5) yields } 3

v o O/ _ b(lyk"');,., , _ T .
" ”“P'(.a’k)“_“‘b‘(l,g+kfg) ('k.;’): :_&"(6)

@ New assumes exponeitial sefvice ’Cim,es‘ With m‘éq‘h"i_,q"',
and let a=2a/u. lnihis case #he mean busy périods e e

CMMAL . b

L2 o e e )
,‘4 L=0 = K

Thie fotmule might e desived from (9.18). Attetnatively,
one. can uge terelabion b 4! = 1-RY/R Cconpard
With Eq. (f.I0) o chqfn‘er 3), plus dhe fact thet P =1/ i
“'B‘J ®©) aud (7), L e =

k-1 ¢
MM/ fpket: Pl = ka2 Gz, ©)]
_ T as ;
(e} Define PG ke = P31, and fet Pl(i)") p) devote the
gamblers fuin piobability in a game wheie he statte with j
Units, the adversaty. staite with k units, and the probability ‘of
his Winhing onit is p in each tHial (thys +he ad\/?/fsmg‘g Wiliing
probability 15 g="1-p). We chall glow 4hat = ~ o

Pl(J;k)P)= PGikog). e (%

Considet an. M/M/ queve with j+k positions (incl. senvice) wheie HA
k21, and i is the wmitial state. in:state Lyl 14 k-], the tausition
probabilities ate PLi>i+1} =a/a+u) = a/(1+a) = p) Pli»i-l¥=|-p=

One sees that the imbedded Matkov chain (atfivals and devaftutes) 02’-

the state vafiable ¢, exactly simylates the game as described if

N and M satisly Aa+p)=p. Eq.(4) bollows.
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[ Chapter 5, Exercise ZHJ

'Coneider the equilibfiym M/G/! quewe with bateh affivals...'

W, = time from arrival to statt of service of the test cvstomers batch
W, = temaining time vatil statt of cewice of the fest costomer

Let w,(8)and w (@ denoke the Laplace - Stieltjes Hansfotms of
W, and Wy, tespechively. As W, and W, ate’ inde pendeut, W=
W,ﬂN«L has Laplace - Stieltjes trancform

B(9) = w,(5)wy(e) 0

Degivation of w (e

Let 77 be the mean and let Mg(s) be the La lace - Stieltjes
transhoim of the batch cedlice time. By (826), *

- A
wls) = 5= AL = 7gls)] -

By Exercise 5y 5= m7 and Nels) = glmlsd), whese 7l M)
ate mean and Laplace ~ Stielijes translonm of 4he individual
seqvice 4imes, and w and g(3) afe mean and probability gen-
erating function of the numberof customers i a bateh.

Thys,

s (1 —-am?m)
s -Aall—g (’V](s))] : (2)

w,(e) =

Detivation of w,(s)

Let N and N’ be ,Tespectively, +he size ofan atbitary bateh

and o dest customet’s bateh, and let N” be the WUmEer of

bateh customers served ahead of the test costomer. We may

assume that the custorners in a bateh afe setved in Yandowm

otder, but batelies must be setved iin otder of artival.
Clealy,

- £ S e
J=K+I

%ubsjni(ujnom thesein of PIN'= 3} = 1 P{N’-ﬁ/m, b_\j (w.b)) fesults in
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(Chap. 5, Ex. 24)

PIN"= K} = 5 o, PIN=} (k=0,1,.).

m j=k

Denohng by h(z) the Pdobabiiikj qenefating fonchion of N’ we find
h() = £ PNk} "

Mg
~
=

i

QAo

i)
x

Ms 31-
S
T3

Ms
Mx

PIN=3} 2"

4P{N=3'71'zk

L ae
> PIN-3) 22 2

= 2 PiN=j3 t] o,

41=0

(>

=

n
o
S

- 3- M}
o

Mg 7
N’r
Ma

é
W Mg

[~

Q.

R
m
4
w £
A
m

Ms
NX
Ms

3~

[
3=
L
o

ad>
i

whedebyb

_ V-gla)
h(2) = mTl-al - (3)

Now, \I‘JZ is the sum of N"dependeat sevvice times, eqch
with Laplace - Stieltjes transform n(s). By Exercise 5

w,(8) = h(n(s). )]
E\j (%) and (H),
: | — gln(s)
wy(s) = —= LT E,_;}’(:;]. (5)

Finally , combiining (1), (D) and (5), we obtain +he
Laplace " Stieltjes {ransform of au aibitraty customer’s
total Wa#‘mg fime W

J

s(1-am™) L= glnlsy)

wls) = 8 -ALI-g(neN] mCl-nis] -
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{ Chapter 5 Exercise 25:1

'Let ¢ be the minimum mean operating cost per vnit +ime ...’

We assume an M/G/I queve and +he choice between coutinuess
opetation and some N- po(fc:z’. As o consequence of the pfe-
ceding amal\jeis we distinguich between two Cases ao {ollows.

Case |: ¢, & ch(n*)/(I-q)

Itis known qldeqdj that i this case ¢ i5 minimized by con-
tinvovs operation. Vet unit time,the thiee cost elements ‘ate

Tuhning Cost = ¢y,
switehing cost = 0,
holding Cost = Ac,E(X).

Now, E(X) = T+EMW), and the mean waiting time EW)
ie givew by the Pollgc2ek-Khintchine formula 78.3%). Thue
¢ =¢,+xe, E(X) becomes

2 2
c=c°+c2[¢\>+7(]L_;,(l+%z)] (0041‘7{%9‘). (%)

Case 2: ¢, > acy/A-p)

ln this case ¢ is minimized by choosing an N- polic
with patameter n=n* The calculation of the cortesponding
cost ¢ (n*), namely the minimal vatiable cost per cstomed,
has been des«ibea‘{ previovsly. The minimal yodiable cost pec
unit Hime is seen +o equal "ac(n®). ¢ is obtained by
adding those fixed costs Cindependent of w) that wese not
taken into comsideration in calevlating n*

Fitst, thete is o fUuning cost pes uni e equal to ¢0,
since, forany n, the sesves will be busy (=on) the faction
of the fime.” Second, there is the holding cost nc, EX)of
a system where the setvel is ou Whenevea costomer is present:

Thus, c=c,e +acyin® +rc,EXX), which becomes

2 2 ; ( *°
¢ = 0 +ae )+ e, lo+ g+ T (e, > 2RI, (%)
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(Chap. 5 Ex 25)

Examgles

! (So{haf?=%7, ¢,=/2and ¢,= 2.

In evefy case, a= %, T =
= 5, and the boidetline valve Por ¢, is

Hence, n*=2, ¢ (n®
&, = acy(n/1-9) = 5.

(@) o= H. As ¢,<¢,, c is minimized by a di-nothing policy.
Thus, Eq. (%) applies. iF senice 4imes afe ex anentiolly distiboted,
then 0"= 7=V and, by (%), c= 6. Il sefvice Himes ate constant,
then 0= 0 and, by (¥, c= 5%

(b) ¢, = 6. A As e, > 80, c is minimized b‘j an )\/-,oof;cy with n*=2,
Thus, Eg. (x») applies. If setvice times afe exponentially dist+i buted,
then o™= 7%= | and, by (x%), c = T%. If cetvice times ate constant,
then o= 0 and, by (xx), ¢ = 7. ,

| Chapter 5 Exercise 2¢ |

'Consider the M/G/| gueve opefating undera T- policy, with pafametes ¢'

[a] The p{obabshﬂ that no customer will atfive duﬁn_q a Nacation of
i ; ~at
length +is P0)=e™ Hence, with ‘{bemg the consecutive numbec
of vacations with no grivals, P{Y= i} = (€9"(1-e™), whereby

E() = £ cPiY=i} -

e—xt
| - e-At .

[o] Given Bisson traffic, the numbes of atfivals duting a vacation
has the Foisson distripution with mean 2t Hence,

2 At M i (et
fla)= X 57 ¢ gt=

j=0 3!
P;(z) = Ate"("mt, rf.;f(z) = ).2{26"“‘2”‘*'
)=t , Py = are

[0 (L) we subshiloke PO)= e™ qnd the above explessions
for ECY), £ and £2(1), we obtain (124).
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[ Chapter 5, Exercise 27 l

'The Maclautin series method fof the M/G/I tandem service guede,f

F® = Powstine o) = |- Fo+ £ 5 Wengmas. (29

W (x)= I-H(x)+>: ;’:%rpmw -3 dH(E) (=23,..). (2.10)

+i~f

Assume +thet W (x) has the Maclautin sefies expausion
W, 00 = 3, 5 W G2, (1)
Suppose: HX) is coutinuous and c/ipfefeﬂiabie, and set
h(x) = %H(x), (2)
and let .
b,(x) = h(x) p.(x). ®)

K
Also, for any fuinction f(X), define £ (a‘i—nﬁlx))“a.

[a] By (12.10), () and (3),
W,00 = 1= Hoo + Z::;‘—Lf;f FUONE, DY (=23,
Repeated differentiation w1t x yields

\}’\](v)(- D= - HOK) + ): 11‘__2[2 T ¥ )\N“' (0) +J B9G) \N;ﬂ) (D) d§]

o d+i-l j+i-t

for 5=23 .5 9= 1.

Hewce,
o) _ w) iri-o = ! ) 3 to-1-k) r1=83,.;
\N,; - +Z;+L—I = bé Wlpi-/ v=/2,,v.>-

I+ s easy to ghow that P =0 for i >k Hemce b(k) =0
for i >k, so that the abeve equaa‘.on simplifies +o

\{\\J/;‘”= _Hm Z Fri-2 bmw(u-/ ) (; 23, ,) )

im0 d i »m, I R
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(Chap 5, Ex. 27 b)

[b] De(‘m.mg F&) = PIW> t|W> 0} we assume the Maclavtin

5e1i¢s u.xpans‘aon

o0 4V
Fo=2 5F®  (Fo-)). (5)

V=
Usmg euf pfesent nci‘m‘ion, U7.9) is wiitlen
Y= | - & i-1 (Ey o,
F) = 1= B 2 5 WD mdy,
Repeated diffetentiation wa t, + yields

V-t

F(\))({_) - a’(\i'}(t) + FZLJ";—'—!_ - \;'V(z~l—k)(0)q(:*l)(t) + ;otw(:)(t_z)Q;I)(})d;J

k=0
'{"o'{— \)-: l]?.)“, . He“CG)
N TORND - S I NI A AT B
3 HY + 22572 QW =120, (6)

QTM= 7 S:(W;* 00 + gv;*,%_;x))dmx) (j=12,).  (12.7)
Hence,
C{}" - L :(I o P00+ i‘éTﬁ*pﬁ(x))dH(x) (=1h2,..).
;’ho, integ tand (M.Paf&/lt{h6686> i‘s +L1? e .(Jil‘ibﬁum‘fwb?bimrﬂ 'OF
epaituie state %—Jﬂwem seivice Hine'x. Thus, the titegaudion

teeulte i the uncouditiongl pfobability ot degaituie state” -1,
that 1o, TY,. We couclude +hat

D= ETE G- (7)
Repeated differentiation of (127) w3 yields

e K- | _ (k= 1 .
S =~ 2 3 COHEO (T pee + 2 Trpsma) (520,

=01,
\Nh@{ebj
k=1 i
k) _ s (Rlygtem e om S e omy k=i,
0= - 2 GO Mg+ 2 e pem) (5210 (8)
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[ ChaP{-ef 5, Exercise 28|

(Carlef and Cooper[1972]) — c£ Ex 22 of Chap. 5

The exercise is an q plication of the Tesults of Exeicise
L7 on the M/M/I tandow sedvice queve. Thus we assume

HG) = 1 - &7 Q)

Cleatly, 6o = Hx) = | - X/ whedeby
HO) = Le™m, (%)
ﬁm(x) - _%1 e—x/»r. (% %)

[a] Bj EC]- (&) of Exetcise 27,

FO < _ ’g'm + éz_;_‘_q;n\n:o)
By (%) and +he fact that \}\llf’)= W4(0)= | for j22, then,
m. & 4=l )
FH- ’#*Efi Q; (2)

IE B\_’ Eq('?') of E)(efci.":e/ 7.7)‘Q;I)= ,,—I.-’T;fl (J=|)’l'...). F-OT'
an M/M/l'queve, T¥=B= (-Q1g?, whete o =am Thus

Ha
‘;’=—;—(:-9)97*" G=h1.).  (xxx)
By (2) and (x#),
Vo4, e 231
ARREREE S = 0
el tle = o 1l-p 2 oe?
CErEF T RS TR &G
. i1 = e
o mh
Hence, 0. il L .
F —_F? N|_? ()
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By Eq.(6) of Exercise 27,

AR R S G R )
By (%) and the fact Huat W= W= 1 for 422 then,
F(Z‘) = 1

Tz+f§f—’

£y ap)

y ()
[d] By Eq 8) of Exetcize 27, where ()= o© -
P(jo-)a - P;-i(O))

@ _
1

- ?,‘ Hm( 0’t Pg-l(O) * ,é,Tri* Pj—i(a)) ((j:'v’l,'"). (57
As pX) = [owYiTe™ e have g, =1 and
5u&)>5+c+o+-.on of these yalves for
oo L

» Pi- T Pj—u(O))

p0)= 0 for iz ).
- 0) and Pl as well as
T into (5), but ouly for §=1,3,-, we obtain

) _

;T TLJT;‘ (3= 2,5,..).

Finally, since ¥ = B = (-0 o},

Q= - hl-pgt (j=2,3,.) (6)
Le] By Eq. ¢) of Exercise 27
\}\’lg) T g.%,g L;”\N;D: (j=13,.).

B; definition b=
and P
W

b, (0) = H™0)p @) . As Ho) = H = L
(02= I, we have b;°)= 7. Also, \K/,m= \7\74(0) =0, and
;o) = W0 = | for 122 We conclude that

T =1
of,

). (7)
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(Chap. 5 Ex 284

Svbshtution wte () of the expiessions +hat have

beey desived for Q‘;, (;) and W;’), and 605666{()6«4("
fedvction, give

F@= 1 + 45_:2}1'—'( T -7 551 + [- Li-00%)

I B 2 R L AN I TR
""2[, Q ;‘gz 4 ( @égz‘,l ?q

S T 212 LA o . = of
~,,.a[| ° >+ 9) (I-g?(g‘;q‘-g-})]

N I X o LA 2 gl

Thue, as expected,

e ;',_(l—q)[l‘,;_@m '—1—6] )

(3] Also Eq. (6) of Exefcice 57 of Chapter 2 expresses
the couditional waiting +ime distiibution function i tewms
of & Maclqufin sefies expansion, but for an M/M/s

fandem sefVice queve. For o=1 the fotwyla %yeCiu(iees
to

P> El W 01 = | + ¢ HF®« -
Whe e

o_ _ Ll r
F - T Q ]Y] | —

in complete aﬂie@mem‘ with Eqe. (5) aud ).
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LChap’:er 5, Exercise 29]

The additicnal-conditiening=vatiable method for +he M/D/I
Tandom - service- gueve (Cafter and Cooper [1972]"

We assume a sefuice 4ime equal 4o the conctant 7, ic

- 0 when x <7,
RGO [ when x 27 M

[a] By ), dHE) = I and dH()=0 for x* 1 Insecting this
into ECI~ U27) we find that for ¥>7 is Q;(§)= 0 wiheieas
for Y ¢ T,

it

q;®

i

’-ll; g:( W;*P‘_‘(x\ + iélm* Pj-i.(x)) dH x)
?" (N:pj_,(r) + ;W?Ppi("'))
We con clude that
'
‘) = {TIY when 3¢ 7
q; (%) = { ’5 - en o

when ¥ 2.
E] It is ObdfoUS, and follews qlso p’fom qu. (12.2) and ),
that Tewaiing service time has distsibytion funchon

+
Ty = { = when t<
H [ when &27

According fo (12.9),
~ 9 4. t. ’
Plwst|W> o) = | - Hy+ ,ZZ}TI [ WE-3q;()dy .
Substitution of the abeve expressions for H(H) and q;(3) yields
PLw>t|w>o} =1 - % +7~’§2i§—'ﬂ;' K:\Klg.(t—})dk (0¢t<n), (3)
PLW W0y = 2.5 20w ("Henay (egeem) (1)

=<
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(Chap. 5, Ex. 29 ¢)

E\Jidewﬂ\:j) the waiting fime from T, and on i5 a myltiple
of . Hence, W,(x) is constant on each of the intervals
L x <, n=02. . ln pathicolar ) W;(x) = |
for 0$x<m~ Hence, :

t o
fo W;(t-3)d3 = t (0ct<r; 3=23,.).

So that (%) becemes
o 3~
P> Ws 0} = |- —$+$1ZZT1T4*, (0st<p)  (5)

For t27 we have | Lor each 42 2,

~_ fv [ﬁ]'r
JW(end3 = § Wt + | Weods

° C£1~ tr

Bg cons{?awr,j of Wé(x) on the 1yteqvals nT & x <+,

f Wtt-ay = (- 121%00+ (CEr—e-n) Tge-n
(tx7; 1=23,.).
H(’/V\(’.e, ) becomes

~

£ {(t-TE19W O+ ([[Hr--n) Wit -n)

PIW> tw» 0} = 2 g
(rete). (b)

3t

Since the service time S, is a constant 7, conditional
and unconditional distributions of &, afe i dentical. By debinition
of H(¥|k,x) therefose

O3 k) = HED. (7) |

[e] By (D and ), diHBLK, ) = 1 for ¥ = 7, and dyHGB|k,x)= 0
Por ¥+ 7. Consequewjrl.j, as k>! Implies x 2 7, Eq. U2IT) educes
to

& j+i-2

W0 = 2 5 poW, L en (B1080). (8)

i=
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(Chqlp, 5 Ex 29 )

For constant sefyice time = 7 for all X,
(X060 = kY & Lkr ¢ x<tene) & k= [2].
Hence, )
- ] =T X
PR -k = {5 ther ko L7 2
@ Accofding to (lQ.lZ),
W6 = £ W 0 PR K (=23,
Usmg @ we find

W00 = W0 (=23, (10)

B_\j sefting k=0F] and k-1=[%F] in Eq.(‘g) is obtained
Wé = 2 Z ﬁ—l Pl(ﬂwan - pasnen) (15529
The oppl-ca“\om of (10) leads 4o
\N x) = };;TT p(r)W

3+L !

S I C R X R Y AR ()]

s evident that af the statt of service at T, any
Wq|hw3 customer will have §o wWait ot least 1 %.me, Uw b,
Tha+ l.:)

W=t (=25, xn (1)
Equations (1) and (12) give \\Né(x) for {25 and all x.
[i] For x27 we hae HO=1. Furthermote, dH(¥)= | for 3=7,

amal dH(D) = 0 for 3 #7 Substitution ofhese, values iute
q (12.10) also Tesufts in Eq an.

]
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l Chapter 5, Exercise 30

' The M/G/| queve with gating

We shall not give all the details of the proof since itie precisely
as the pfooﬁ of (13.14) for the cyclic queve except that H(x)
teplaces B(x) and 7(s) feplaces plo).

The explamahow for this Omalogj i% €>i'mp‘€, enoygh.
In bokh cases we seek the mean | 1, of the state disttibotion
of an imbedded Matkov chain. Let i be the atate vatiable
¢ j2b et 7=4, and i(’.§=0 let $=1 When jrl, seivice
beqins (15 vesuimed) Tight away, but whew =0 setvice will
not begin watil a custom®er avtives. Deuote by t the time
Liow Statt of sesvice untif next epoch of the im%eddeo{ Maikov
chain. n the case of the cyclic queve,t is a §-busy pesicd; in
the case of the queve with gaJr'.n , tis the suw of § service
times In eithes case the” stafe at next epoch will'be the number
of cystomers afriving dufing the mentioned ndesval of leag th +,
eithes ot the sther queve (cyelic queve) of at the same queve
(queve wi+hja+mg). For the M/G/ gqueve with gating,

Pt - £ PG (O i + P e 0 ke, (1310)
q(x) = :Zja Pl X", (132q)

9(nO-2x) = g(x) = POLI - O0-2x0], (135 a)

2,00 =2, =q0-2z) (=01, 2,:x), (12.6 )

P@) = {1+ £ L2017, (12.11a)

“aAn©e)E -~ R = AP0y (131%a)

Qj (UD.110) and the definition Xj= %0, § =12,
POy = {1+E, G-x) 7" (%)

The wean nymber ﬁ=+9(l) of customers v the systew whea the
qate opeus is found from (18.15a), (0, ~g/@ -7 and 27 =

[ T%—(J{l”L,-‘-Z:z“—’(J)}—,' L]
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l Chapter 5 Exercise 2717

'Show that Eq'uahon G9) of Ceoper [1969] s incorrect,’

As hinted, the estor in Eq- (1) is introduced 1n Eq (1), It is te
as stated :mmed:aJrelg after [ (42) that P(m = R.,mn/U-F_0)
is the probability thit (n—l 2,..) customeis wait in queua {
when the gate closes given n >l Howe\)e{ itis not tHue,
as 1w he«? by E (‘11) Hﬂqf P(n) also is He, P{obobnhfj £haf'
an afgﬁm_\j C\)oﬂ‘lner v queve ¢, who did not aifive when the
..Es*em was Co mF’le% empfg , w.ll be a wmembelrof a gTeup

n custewess at the dime the gate cfoées The laftec preb -
atility is 1cpcf1‘wwal to beth n and P(m Hemce v E‘i o)
one shoold replace B (m/LI-F (0)] oy

n E(n) _ n B (n)
T Bl T nPon

It follows that the same sybstitution should take place in
Egqe (4%) and (M4). Equation (M4) changes in+o

o2 n B.,(n ! A &1"= (3, -5)"
UJ("’)‘(’ 9)"’?2'2” np (h) Yl)\", S‘M‘*N’m(ﬁ) )

which may be vewdiHen ags

- - ?R °° n s
wils)= e+ (T2 nR ) (s-x; +a, 77t(5)) =1t ‘h)[(m@) —(!-;;;)].
Now, \ .

W= 3% 90 D ey = 2 0B,

g 1, 1) = B, (0) + > P (m (m; &))",

=lil
00

9ill=3, )= RO+ X P aI-5)"

n=|

=)

We couclude that bor i=0,1,..., N-i

)

A
w(s) = (1-p) + Wi,‘fs—‘;ﬁl,;’q;(s)] ERCXCA “go M= 2l

[]
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| Chapter 5, Exercise 32 |

Vetify that, for Risson input, E{_(W.m feduces to P{W>0} = Cls)’

With Peisson input of 7rale A the Laplace-Stieltjes +ansform
of the interarfival time distribukion function s

y(a = 7\22 )
Insetding Afop for w in the Tight-hand side of (M. l’l) we qet
Y (1= Memou) = ylep=2) = Msp, which proves that for the
M/M/s queve

w= g)\/'; ==, (n

Aloo, (H.15) becomes

Y, © YO = ;\%/} (4=0,1,...,8), (2)
ond (M.16) becomes

s i

Cj= s ',%?‘ = —f;T (}= 172,...,5). (3)

By (M), (0, (@) and 3), Eq. (HIT) becomes
PIW>03 = 2,

[ + 2 )S('_m S

#=1C (| {1 s(l w)-

MOt 8l siga 4T
[H“_g)zm‘ ool s-a- 4]

-1
= [‘ + (l—Z)ﬁF' (s—é_)!aﬁ] .
Furthetr fewditing gives

D-S QS
P{\N>0'} = sT(I - a/s) - S (I -afe
asi a’ jv_:’a_“ + as .
3=l ts-p! si(l-afe) o M s!(1-a/s5)

The tightmost te1m is precisely the formula fof Cls,a) LEq.(48)
of Chap. 31 Thus, ,
PiW»0} = Cls,a). O
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Lchapfef 5, Exercise 3?]
'Prove that in a GI/M/s queve .. of Ex 29 of Chap. 3

P = equilibfium probability that a blocked customer

will still be Waiting in 4he queve when the
next customer arfives

7 = conditional probability that a blocked customer
wiil o%ill be waitivg “in the queve when the
next costowmes attives, given artival stqte
s+4 (4=0,1,..).

Clea1|3, With sefvice in ofder of atfival,

ot eun’
vy T8 e ey 600,
i=

Hence)

R
i
™s
Py

= & Pa= W03

w(
ia
o0

-8
o~ SMX

-

o S GU)(-@a? Ty o)

o
—
© g

e,

o~ 2 o

S
; ogo 0 (- wtd G(x)
x (

e-s,.xzosf_‘,’" 2 U-wtdG(x)
;=L

(=

= [ s LLLOA G(x)
a

=0 U
00
- I,, e-(l—m)s_,uxdG(X)

= Y((l-a)\s,u).
But, b\j D, w-= v {-w)sm). Thys,
P=uw.

This qenefalizes the fesylt of Exefcise 29 of Chqp#er 3 ]
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Chapter 5, Exercise 34
P

'Vevify Equations (IL7) and (4.3)'

Equakion (MM : i< s-1, i+1-420

Given interarfival time x, § has the binomial distribution
sz(x) ='(i;') (e[|~ e (g L8,
since p,(x) is the probability of § successes (noncompletions)
Pi y , P
in i+] trials, each with probability of cuccess equal to &
As pia = f:p‘i(x)d q(x),
by = 5 (e -7 0600 (L8319).  u

Equation (18). i2 s, j<s, i+-§20

Given infefartival ime x, the next artival state will be
if and Ow'j P ) gt seme time Y’ 0<Y<x (M{,'E,o)‘
a sefVvice completion will leave exactly s cystomers
in the system, and (i) s-4 serlice completions occur in
the 4ime interval (Y,x).

ln a queve with depattuie Tate su (ia effect as long
as all servers afe bysy) the time Y vatid the Citl-9) th
sefvice compledion , which will fesylt in state s, has an
Elangian disttibyution with the demﬁ‘.Jrj function, by (554
of Chalo*fe( 2,

d P{Ysy
EaaRE ORI = e

For a given ‘(=y <x, the Probabil‘;%g of 5-; seqvite com-
pletions dufing the remaining imterartival interval, of length
x-y, equals

93()(—3) = (?)[e;/‘“’“‘lﬂiﬂ_ e"““'ﬁ]s_‘i_
Hence, since PLJ(X)= f,;gj(x-g) fiydy and pij = I:p‘.j(x)dQ(x),
(wg(i,) e‘iH(X-S)“_e—/A(x-\J))g-i (spy)i=s '”’s{MdgdG(x\ g

Pi™ ), G-y ¢
(izs, <5, i+/-§20) [
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LC hapter 5, Exercise 35‘]

'Dertivation of (Hi4) and the probabilikies oy T e, o

For the GI/M/s queve it has been shown that T = Awi™ for
j2s-l, see (14.10), and now we myst piove Hhat A is given by
@4, Abthe same time we decive o formula Rt T for 4 =0,)..,5-2.

la] Let

S~ .
Ulz) = gam 2t )
Substitution of Trd =3.%, P Ty by (M3), and chauge of the

stder of summqtion give
/

o0 5o ;

= 1

U=z, = pTiat,
o,

S5-1 s-f . ) 1 .
Ula) = :L:o i;o Pig 2% + gs = pij_mrz{ , (x)
3

Calevlation of @ = ELE pTi 2t

Since Py =0 for j> sl
a-f i+l A
S = ;Z=o ;L:o Pli.ntj 2% - Ps-l,s-";-l 2%
The p;'e for L& s-1 and j£i+l ate given by (M.7) Substiution
o2 (111 qnd interchange of summations and in’rejm"ion yield

S=1 L+ . X5 | (Hf i+ _ 5 it g
817y Jo Tl = | T2 (e Pl d o,

The innes sum is the probability genetating function of a bino-
wial Natiable and equals (q+p2)™!whete p=e#® g=l-e# Thyg,
o0 g-| :

3= M- e ge™ )™ G00.

0 i=0 i

@\j definition of UlD), then

g = f:(l— e M+ 2V U(I-eM +2e™) G (X).
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(ChOP' 5, Ex.35a)

By (14.6) or (D

Hince y Psos T sje—s'de G&), and by (o), T, = Aa.
ence,

o0

SZ = Ps-l,s_“-s-t 2 = A w'z® ge_s/“xd G(X)
As 6= gl - S'L)
5= f&“ e+ 5 e (- +ae M) 4G Ux) - Aw"‘lsioé"sﬂxd(%(x) (%)

quculm‘ion oFT= Zio.-.as Egi_é p‘.}.WL-’_Z}_

The p's for i2 s and 1 <5 are given by (P18). Subskitution
of (M%) and m{ercl’zamae of summaiions and mfegfoq‘.'ons yield

T Zo f {f 3_;! (si)[e_ﬂ<x-3)]é[l-e—,mx-y)]s-;‘ (smy)” 'Sl“ysﬂmz*}dgdG(x).

i-g)l €
Xx=0 y=0 (=8 §=0 fi-s)’

Subshtution of T;=Aw™™, by (H.10), tewsiting and simplification give

T=A Ta ygo f;%;«:s“—w{ §o (LePe P g - o 900g?)
* SpudydGOd
oo X
= A ; E . eSMY® MY (| — o MY 4 Ze"‘(""ﬁ)SS/A dy dGlx)
x=0 y=

- 'z‘xioe_s/“ylos,u es/“ywdg dGx)

= Axioyszoesﬁﬂgw(e'/“y —e—/‘x + Zg‘/ﬂx)s S/V| d\j d q (X)
- A= 2 Myt (eSH¥@ - 1) d B(x)

The last integtal on the fight-hand side teduces to

%9 00 x

(e SMX 1 (3M%9 —1) d G(x) = o' e ¥ X4G() - w"ge's/"‘dG(X)
o [4]
= |- o] e ¥aG0, Doy (nan]
so that

o0 X 0
T= Al J eMso(emi- e e2e ™) oudyd ) - As® + Aua®f e G
x=0 y=0 (% % %)
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(Chap. 5, Ex. 35 (cont'd))

By &), G*), (xxx), and +he definitions of S and T,
Uz) = f(l—e'/“+ze"“)U(\ e"“x+ze‘/"‘)d@(x)

+AT [S eV (e - g M g oMY Jﬂdy]d@(x)

X=0 y=0
’A’z . (2)
[e] By (7 ang (410,
& 00 00 .
V) = 5, - - 2T, = - S A
Hence,
vy = 1- 72 (3)

For §=0,1,..,s-/ let
U9 = d*U@

dat
with U9 = U(z), and define
U~ LW f}i‘f’)ﬂ (3= 0,lpom ()
By definition, U, = -(,—,U(I) = U, By 3) thetelote,
U= | - ‘—f‘-;, . (5)

Repeahd differertiation of (2) gives
U9e) - S“ M+ g MYV D1 - e M4 g o M%) TiM X G ()
0

4 S U9™(1= &M%+ 5 %) 7% G (x)
1]

* Ao 5 e "";‘io ’m’(sss,, (e7¥-e™ 4 2e7)* T dy d B(x)

“AGY (s-j)! 27 (g= 02,870
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(Chap. 5, Ex. 35 c)

Hence,
KO L
U= =5 = Uyl + U v
-3 X .
+ A (Dl ] e(sﬁw-(s_ewydy dG(x)
x=( y=90
=A() (=1,2,.., =1).
gubsf{{‘uhng
gxe’(s}“‘)_(e’_éwwd . e(s/uw-c-.;..éw.')x_,
sluw—(s-p,u

and fedt}c‘»wg, we obtain
U3 = U1 ((.5/,4) -+ Ui‘lY(é»M)
S G - ~w)smMx o
—A(i)m'*-):;(ge“ ’“dG(x)~£e“‘xdG(x))
- A} (31,2, =D,

The +wo integtals afe equal to,1espectively, w (by (411) and yljw).
Cubstitution o f these valves, simpszi Ca»Lio;n, onj-re,olac emyezﬁi1|

of yGM) by y;, qive

1. = _ sy sll-p)-4 . _
J& U} i U}-;Yg A (g) s (-w) - (} = l,’l,m,s—l),
f1om which is obtained the difference equation
- Y A sy sU-y-3%
Ui - ’—‘er; Ui'l - l-—rg (1) 5((‘;)"3. (3' ’72,..,)5‘1). (é)

[d] Next we define C,= | and
C1=ﬁ.'i_—% (é‘l,l

i=f

Jeey 8),

and divide by Ci on both sides of (6). The Tvesult is

U; Uy A s(i-y)-4 A
—£ =l 5 7 S .
¢ T o T Gy Y sarersy G b (7)
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(Chap 5 Ex 354)

As::,umi'ng 0¢ i< s-2 weadd equations (7) for j=ish, . s-1,
Whefeby we defive

U _ Ug, sl I oy sl-yp-4 _

¢ ) CS-I * Aiz=i-¢l Cj(l'n’)&;) S(l—w)-j. <"=01')"'IS'Z),
Ui U. i A(U_' S - N
LR e ST A ! sy sll-g)-5
¢; (c,,,_, Cs“-,rs)/rs)+A1>;-HC4(‘-{;‘(1) star-; (701 ,s-0)

By Wond ¢, Uy =T, and by (4 16), T, =Aw'. B defini bion,
Co = Loy 15 Al-ya) It iohews fhat the term in pa{euigaecs Yani s hes.
Futtheimote, as is easily vetified, the ubsve eth(erion also holds

for i=o-1. Ouf conzlusicen is that
U, s ( oy sU- Y
2L sy SM-yg -4 . v_
Co N C;(l*n‘(i) ell-w)—j (=0 hysn @)

Now set (= 0) make the subsh{,uh()ns U0= I__ %} .Vlhd
CO: ’) aﬂd SC‘\/& Eq (8) ‘f”o{ A .
- s sy SU=y =5y —1
A={im +Z i s (14 11)

Le] By definition, Ut2) js g polynowial in 2 of degiee 5-1. Hence,
Ul) will be repfesented exactly by q_raylor sefies expansion
of degfee s-1 at an afbi’r{m;j point 2, Fora =1 the repre-
semtation is U(z)= Zf;c'[U“'(l)/JU‘J(iﬂ)i. That is,

51 . .
2)= ¥ |} (m-})3
Utz)= % U a-n? (4)
By 1), U¥@ = T, %5 2% Hence, U0 = T 4!, or,
9 d*U()
Trj- = Uf}_’(()_) = ZIT( _d—z—ii)uo (i=0,1,..,5-1).  (lo)
Diffesentiation of (@) [Ul2)= =71, (2= ] j times leade to
JUGR) | e i iej
IR e T C e D M O T N D)

Whose substitetion inte (10) yielde
S-1 -4,
o= 2,607V, Geol,e25-0.  an [

3} (=
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| Chaptefr 5, Exercise 36 l

'Show that for Poisson input this algotithm yields Equation (6)
of Exetcise 32 of Chapter 3

In the cace of the M/M/s queve with seivice in tandom ovder,
W= (=7t/5,1) so that (59) becomes

PIW>t|W>0) = | + (I- 9)2 i : 9 Wi Q)
whete qccotding fo (15.M),

V=i

S (v-I-K) =0l ...;
Wy s B E el W ) @

-
Eq. (D) may be solved fecursively for v=1,v=2, .. vtilizin
W‘;” W; 0= 1 aud the definitions ef a,,®), bg (5. 12) | and
3,, ‘(’c) by (15.1%). In the 01esen+ case wheie Q@) = T-e -t
+ap) {osupd¥tE
0.“,({) = e %/F (,;H—i)! (‘o‘:' 0?'?"')) (3)
b, (t) = ne e —S’{f—"— (n=0,1,..), )

from which a?‘ and b‘,, .. may be defived.
We shall determine all tefms of the expansion (1) to the ovder
of t& Thus we myst hnd W and Wm ‘FOfd‘O,I, B;, (’l) this
]

requites calculation of aly, for \)—I,’L, and of b;’i’, i for K=0,.

) )
Caleulation of o}, and af,, _

Diffetentiating (3) once | we obtain

a"(t) = —(a+rep) g et
Q) = =Orrsp L1 e L L],

w - +spit ___4_ i (o)t
a‘,‘+l(t) (A+S/u) e O [‘ 4 3 ! él 4+ G- -i)!

=l (spblTt
T T G ] 4T,

Setting t=0, we find ‘1;'::-' - sl - ,ﬂ, 3,,,] for j=0,1,2, o,

a;:)’= —5/“(Q+3T’) (j=o)l,...). (5)
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(Chap, 5 Ex. %6)

/—\no+hef d.’P\Ue{en{iahon Tesults in

aP(4) = (+gpm)te et
q(;’(f) = (Atsp)? e‘“*s’")t[l—ﬁ; + 7 leut)]

a;’:,(t) = (e sp)e MMt |- % a’i—, + Gl_@’- ﬁ +tR3,_I(ﬂ] G=23,),

whete R (8 is o polynomivm of degree I I follows +hat
a(;n = (x4 SM)Q)
ap= Qean1- 7], |
apis Ol ma sl Geoso

A Tewfiting 3ields

o . (5,N31(Q2+29 1) (4= 0,
% { (sm)?(p2 + %) (33= 11,...). ()

Calevlation of b;"l,-i and b))

- —

By (), cleatly b= 2 and b= 0%t n2l. Thys,

@ { A (3+1-i=0),

b 0 (ri-i=1,2,..). ()

jﬂ-i_
Ditfesentiation of () results in

b(:,) (1) = = A (A+su) & P*omt

—ae sty (sut)®
b(ll)(f)= re” R 5")':[%,)7'(3,40 - jngLDHS/u)] (nh=12,.),

It Pollows +hat b4 = “AQ+eu), by = asu, b= 0 for
n22 Thus, '

“ars)  (441-i=0),
b;'},_f Asp (4+1-i=1), )
0 (el-t=1,3.).
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(Chap. 5, Ex. %6 Ceontd))

Caleulation of \N'gl

ij (),
UETE AR A

44+ .
\Ngl): PR e SN -WEO) (3=0,1,...).

%gbf?fi{-uhom of W=1, (5), and (1), leads to W‘j')= ~su Lo+ 5]
+x for 3=0,1,... Heuce,

(n 5 -
W= =% (oo, Q)
Calcvlation of \N‘g‘)_
%ﬂ (’l\,)
@_ 1w g, & e e
\N“’ P T + }:—, i+ bgﬂ—zwa * Li_, 1+ bj+l—LWi (3' 0;')'-')/

which by substitvtion of WP =1, (1) and () edyces 4o
Pl

W@ @ Asd 1 , .
N R e

[:iVlGU\:j) aéopi;ccnlion of &) and (8) vesylts 1n

Wy = e 2o+ = 2 = A (i),
W= (sp0?(p ?2%) - ':‘% + i su = aOrs) (42102,

I 1,,.)

(sp2(1+5)  (i=0),

W (10

= 2 ? .
4 (5/\4) (1‘*”(}:"2) (3— ’)2,)

Caleulation of P{W>t]W>e3

Equations (D) ond (1) afe precisely these devived pfeviosly
in Exercise 32 of Chapter 3. As in that exercise, the sub-
stidution of (4)and G0Y jnte () and subseguent reduction
it N o po 14 |y 4_ (r) I F fotee 30 o001 “+"1’ 2
thejeroTe Nieild y;u]ua ien lo] of ZXeTCise oL oy Lhapret o
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LChap{'e-r 6, Exercise | ]

'Show that if Uis uniform on 0,1, then so0 is 1-U.'

Assume ‘H'IO'(' '
Plusul =y (0cuth).

Hence,

PlU<u}=u (0gye).
Now, {U<us}Y & {I-u> I-v}, go +hat
P{l-U>1-v¥ = v o

({728
i~

vél),

wWheseb
T PUUL -0} = s (0ewen)

Sustr.Jru-ng u'=1-u we obtaijy
PUI-UCw Y = o (0cwed)

Thes, 1-Uis umformly disttibuted on (0,1 if U is.

l Chapter 6, Exefcise 2 —I

'Let X have the Evrlangian distribution funckion of order n,

_ n-) i
Fx(x) = |- X 202 o
j=0 ¥

X may be interpreted as the sum of n independent exponential
vatiables with pataweter 2, thatis,

X=X+ X+ X,

whefe _
Bod=1-e™ (=1 n.
L

Bot, by A7), X;= - $£inl;, wheie Ui is uniferm on (0,1). Hence,

X = 3 -4 l) = =+ 1Y, U,). O
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LC hapter 6, Exercice 3

'Devive Equation (4.18).

The vafiable under consideration is

> X{n)
PO = ¥ » (1)
With X(n)= 27 X, /n, Y =2" Y./n, whete all X5 and
Yi's ate independent vaftiables . The sefvice dime X, has
a genefal distribution, E(X) =7 V(X)= 6% The idle Hme
Y; has an €xponential Jish'.buhon) EQY) =27 V(Y = a2
Now define +he distibution function

Fogy (1) = P Pl ¢t} . (2)
Sybstitution of (1) into (L) gives
Fs, (& = P{X(n) - 75 Yim s 0}, (3)

P{m

_ Defining 2,00= X~ 75 Y, and Zmt) = T, 280/ =
X(n) = 55 7Y(n), () may be wiitten

Fon) = PLZn;r< 0} ¢)
We find easily that mean and variance of Z(n;t) afe
E(En,0) = 7= 50", N(Zayh = 5le*+ (). ) @)

By the central limit theorem Zin;0) s asymptokically novmal
dizttibyted.

= - E(&(n, 1)
lim PLZ(n;0 ¢ =0 (e (7)

Setling x =0, and substituting (5) and (6) we derive
t_
'ii_{nm P{Zm; 0 ¢ 0} = @(‘Vﬁ_f-——;;%‘r;;])
By 0, .
i P, (0= 0] (118)

w F(m VL L2 43247
ns n Vo ()2 + %Y 1
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Chapter 6, Exefcieeﬂ

'Consider simylation of the single-server Evlang loss mode]
with constant service times. '

Our two eshimates T(n) and P of +he loss probability T,
based on a simulation of n cycles, have been shown fe be
asymptotically notmal .

_t__
Frnt® = O( ), (4.11)
Fat®) =~ 8 T'V%_‘%TTH-) (4.19)

(4] First, observe that T = x-ﬁ}f T5o, wheteby o= ,—7:[—,7
Alse, as n=>oo, both T(n) and Plm convetge in prabability to Tl
It ie therefore obvious, and may be proved figofously, that for

any €7 0 these exists an n, such that

_t _
-t~ Q )<E

¢
= —* )\ _
@( V‘é‘[(ﬁ)z“f)\“aﬂ) @( 7 (a2+220%)

for all t,0<t<1, and n>n,. Thic meang +hat asymptotically
P(n)'s distribution function may be aleo expressed

~n —f~—0. .
Foa® = W g (#182)

For a= I, a compatison of (HI) and (4.18a) leads 4? the conclusien
that, asymptotically, the two probability distsibutions ate the
same , Fp (0~ Fa (6. Hence, for all values of §,

PIT-8 <M <T+8} & P{T-8< P <T+8} (a=p).

@ Now aseume constant service times, that is 62=0, and n = 100.
Subctituting these values and a= 155 info (111 and (1.18) we find

Fao () = §(10( - VD), n

T{i00)
Feqon® = Olioll= 1555, A
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(CHGP. 6, Ex. H)

Hence we obtain the appfoxzmahon Formulas

PAT - 0.05 < Tritee) ¢ T+0.08) = $(u,) - §luy), (3)
PLTT- 005 < P(100) <T+0.05} = lup - Blu,, )
whede T+0.05 il =T
u = 10 [I—(Tr+o.os) - t—'rr] T
o= =10 T~ et /5
Up = '0[ | - —-—T—T I%E&M]w

m[l—’ﬂ' TISI)::B) ']

Calculations
Takle |. Avrgquments of $()

m U Uy Un Uy
0. 05 255 1-9219 | 52 |- o0
0.l | 196 |- 175 370 | -1{.1/
005 | 175 |- )56 | 191 |- 58§
| 0.20 Le7 [~ 1H7 | 250 |- 47
0.25 1.5 | - L4 227 | - 333 |
0.30 .68 | - |45 204 |- 2.8
035 | 175 | - 150 192 |- 2.5
__0Ho 186 | - 157 | 185 |- 238
oy | 200 |- 168 .82 | - 227
050 222 - 192 182 | - 271
0.55 251 | =20l 185 | - 222 |
0. 60 242 - 277 192 | - 227
0. 65 349 | - 162 204 | - 138
0, 70 Ui | -5 227 | - 156
| 075 577 | - 585 250 | - 246
08 8% |- Bgo | 1294 | - 333
0 85 Moo |- 700 | 370 | - 47
090 _ | %333 - ILdI 52 | - 588 |
0.95 oo - 22,94 to.00 | -1l
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(Chap 6, Ex. H (centd))

Taele 2. 8- P00« o) <M+ 0.05)  Tavie 2 P, = P{T-005< Pl1og) < +005}

T 8w den P T 8wy | dwy| B
0.05 | . 9ke] .ollo | 934 0.05 [16000| 0000 {. 000
16 | .9750 | .0%e| | 435 o.lo | .9999| 0000| I 000
IR R ETINETIE L 015 | .49%4 | eooo| 998
6w | 9505] 0708 §¥2 020 | 9438| ooco| 994
045 | 55| 0mq] 87 025 | 9868|0004 98¢
830 | 4535 0735 88¢ 0% | 9793 .ge2l | .977
35 | 9599] oees| 335 | | o5 | 47| oem| 967
oo | 9636 | 0582, 910 __oko | -9e78| 0087 | 495G
e4s | 9778 | 0465 | 93] ows | des6| clic | .95y
e5c | 9363 | 03w ! 452 Coso | 4est| 037 952
ess | o | oun | a7 055 | Ae78| 0131 | 955
| oeo | Qds2) olle | 987 0.Lo | 97| olle | %[
co5 | 9998 | oewk | qys 0.65 | 49743| ec87| a7y
070 [ 1.co0l| .0oo? i 999 a0 | 98¢8| ce52 | 992
e75 | Lcoco] .co00 | | 200 075 | .4933 | co2l | @92
080 | 16000 0ccg | 1. 000 030 | 9984 | .ooeq | 998
| o35 |Loooo| . ¢eoe | 1000 085 | 9499 | .0c00 | 1000
0.90 | Lococ| .peee | ! coo odg_|1¢eeo | o000 | / 000
635 | Loeeo | 0000 | 1000 095 [1aco0 | oacc | 1.600
5
1.00
29
-t
37~
\76 -
a5
Qe+
REY:
92
4l
A0
89t
18
'870 4o .’.‘.3’30 30 S0 ¢ W0 4o Q6 o 1T






